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Abstract: We analyse the computation of the partition function of 5d TN theories in Higgs
branches using the topological vertex. The theories are realised by a web of (p, q) 5-branes
whose dual description may be given by an M-theory compactification on a certain local
non-toric Calabi-Yau threefold. We explicitly show how it is possible to directly apply the
topological vertex to the non-toric geometry. Using this novel technique, which considerably
simplifies the computation by the existing method, we are able to compute the partition
function of the higher rank E6, E7 and E8 theories. Moreover we show how in some specific
cases similar results can be extended to the computation of the partition function of 5d
TN theories in the Higgs branch using the refined topological vertex. These cases require a
modification of the refined topological vertex.
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1 Introduction
In recent years there has been a lot of progress in understanding superconformal field theories
in various dimensions. Some of them may not admit any Lagrangian description in the
ultraviolet (UV). Nevertheless they have played an important role in dualities and dynamics
of supersymmetric gauge theories. In particular, the four-dimensional TN theory
1, which is
1See [1] for a review.
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“non-Lagrangian” and has SU(N)3 flavour symmetry, plays the central role in so-called class
S theories [2]. Moreover Higgsing of the TN theory yields a large class of superconformal
field theories as well. The five-dimensional version of TN theories has been constructed in
[3] by a web of 5-branes. The flavour symmetry of the theory can be visualised by the
presence of 7-branes attached to semi–infinite 5-branes [4, 5]. The Higgs branch of the theory
is also explicitly realised as a space of the motion of fractionated 5-branes between the 7-
branes. Moving the pieces of the 5-branes off to infinity corresponds to giving a large vacuum
expectation value (vev) to hypermultiplets, and we obtain a different theory in the infrared
(IR). We shall call such a theory as a Higgsed 5d TN theory and the corresponding diagram as
a Higgsed diagram or non-toric diagram. The latter name indicates that its dual description
corresponds to an M-theory compactification on a certain non–compact non–toric Calabi-
Yau threefold. This class of theories includes for instance Sp(N) gauge theories with Nf ≤ 7
fundamental hypermultiplets and one anti–symmetric hypermultiplet. It has been expected
for a long time that these theories have an UV fixed point where the global symmetry is
enhanced to ENf+1 [6–9]. The enhancement of the global symmetries is supported from the
computation of the five-dimensional superconformal index [10–12]. It is clear therefore that
using webs of 5-branes it is possible to realise a large class of five-dimensional superconformal
field theories.
One of the crucial physical questions is to compute the Nekrasov partition functions of
the five-dimensional theories. Since the TN theory does not admit a Lagrangian descrip-
tion,2 it is difficult to perform the localisation computation, initiated in [16–18], to obtain
its partition function. However, the refined topological vertex [19, 20] provides a powerful
tool to compute the partition function of the TN theory because its web diagram is dual to
a toric Calabi–Yau threefold. After the removal of some extra factors independent of the
Coulomb branch moduli it was possible to compute the partition function of the TN theory
[21, 22]. The enhancement of the flavour symmetries in its superconformal index3 was also
checked in [14, 21, 22], and a crucial point in obtaining enhancement of the global symmetry
of five-dimensional superconformal field theories was the correct removal of the extra factors
independent of the Coulomb branch moduli [12, 14, 21, 22, 24–28]4.
On the other hand the web diagrams corresponding to Higgsed 5d TN theories are not
dual to toric geometries and therefore simple application of the refined topological vertex does
not work. The formalism to compute their partition function was developed in [21, 28]5 by
making use of the technique in [33–38]. The prescription to compute the partition function of
Higgsed 5d TN theories is a three step process. The starting point is to compute the partition
2Recently, it has been noticed that a certain mass deformation of the TN theory induces an RG flow to a
linear quiver theory [13–15].
3As a matter of fact it is possible to see that the enhancement of the flavour symmetry already happens at
the level of the Nekrasov partition function after a suitable shift of the Coulomb branch moduli [23].
4References [29, 30] discuss the enhancement of the global symmetry from the viewpoint of fermionic zero
modes around one-instanton operators.
5A different approach was taken in [31, 32] to compute unrefined topological string amplitudes for certain
non–toric geometries.
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function of the UV theory which embeds the IR theory by use of the refined topological vertex.
That is possible if the UV theory is realised by a web diagram dual to a toric geometry. After
this some of the parameters and moduli of the UV theory are suitably tuned in the partition
function in order to open the Higgs branch. The result of this process is the partition function
of the IR theory plus some contributions due to singlet hypermultiplets that are present in
the Higgs vacuum and need to be removed to obtain the final result.
Although the prescription to compute the partition functions of Higgsed 5d TN theories
is general it requires several steps to carry out the calculation. In particular if the diagram
involves some complicated Higgsing the computation becomes more and more difficult. Since
we have a web diagram which corresponds to a Higgsed 5d TN theory, it is desirable to develop
a method by which we can directly apply the topological vertex to the Higgsed web diagram.
The first observation was made in section 6.3 of [21] where it was experimentally found that the
refined topological vertex may be applied to some very special non-toric diagrams with some
modification. In this paper, we will explore the validity of the application of the topological
vertex to Higgsed diagrams in the full generality. Quite interestingly we will find that the
standard topological vertex is fully applicable to Higgsed diagrams. Furthermore it will not
be necessary to remove singlet hypermultiplets after Higgsing when the topological vertex
is applied directly to the Higgsed diagrams, and the extra factors present in the partition
function can be readily read off from the Higgsed diagram and easily removed. This new
method therefore greatly simplifies the computation compared to the previous prescription.
We will also exemplify the new prescription by computing the partition functions of higher
rank E6, E7, E8 theories
6. These examples clearly show the simplification of our new method.
Our analysis can be also extended to the refined topological vertex. Remarkably for the
case with coincident external horizontal legs of a Higgsed diagram it is possible to show that
one can use the Higgsed diagram to compute its partition function. However, in this case,
it is necessary to use a new form of the refined topological vertex. A special limit of the
case reduces to the computation in [21], and our new refined topological vertex proves the
observation made in [21]. We will also comment on some special cases of coincident external
vertical and diagonal legs of a Higgsed diagram.
The organisation of this paper is as follows. In section 2, we will present the general
prescription to apply the topological vertex to Higgsed diagrams. In section 3 we illustrate
our method by computing the partition functions of higher rank E6, E7, E8 theories checking
also agreement with the results obtained by field theory computation. We then extend our
analysis to the refined topological vertex in section 4. Appendices collect the technical details
of the computational method of the refined topological vertex, the Sp(N) Nekrasov partition
functions as well as a short review of identities of Schur functions.
6In fact, we will see that the constraint of the corresponding web diagrams implies the mass deformation
of the theories yields Sp(N) gauge theories with Nf = 5, 6, 7 fundamental hypermultiplets and one massless
anti-symmetric hypermultiplet.
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0 1 2 3 4 5 6 7 8 9
D5-brane × × × × × ×
NS5-brane × × × × × ×
(1,1) 5-brane × × × × × angle
7-brane × × × × × × × ×
Table 1. The configuration of 5-branes and 7-branes in webs. The angle in the (x5, x6)-plane is
related to the charge of a (p, q) 5-brane. For example, the (1, 1) 5-brane corresponds to a diagonal
line.
2 Topological vertex for Higgsed 5d TN theories
In this section we discuss how it is possible to define the topological vertex to compute the
topological string partition function of the 5d TN theory in the Higgs branch. We start by
showing how the topological vertex can be defined in the simple example of Higgsing parallel
external legs of the diagram and then discuss the more general case. Finally we conclude this
section by discussing how the decoupled factors that appear in the partition function can be
identified in the diagram and appropriately subtracted. The computation using the refined
topological vertex and the decoupled factor, including their definitions, for a toric diagram is
summarised in appendix A.
2.1 Higgs branch of TN theories
While there are different ways to engineer 5d TN theories in string and M-theory the per-
spective that allows to understand better the Higgs branch of these theories involves webs of
(p, q) 5-branes in type IIB string theory [3]. One of the advantages of the use of webs of (p, q)
5-branes, introduced in [39, 40], is that, by terminating the semi-infinite external 5-branes in
the diagram on 7-branes, the global symmetry becomes manifest and realised on the 7-branes
[4, 5]. The brane configuration of the system is shown in Table 1. The TN theory can be
realised by a web of 5-branes with N external D5-branes, N external NS5-branes and N
external (1, 1) 5-branes. As an example we show the web diagram of the T3 theory in Figure
1 where we can explicitly see SU(3) × SU(3) × SU(3) flavour symmetries realised on the
7-branes. In writing a web diagram, our convention is that the horizontal direction represents
x5 and the vertical direction represents x6, Accordingly, horizontal lines, vertical lines and
diagonal lines correspond to D5-branes, NS5-branes and (1, 1) 5-branes respectively.
Moreover it is easy to realise the Higgs branch of these theories once 7-branes are intro-
duced: after an appropriate tuning of the lengths of 5-branes in the diagrams it is possible to
put some of external 5-branes on top of each other, and in this situation the piece of 5-brane
hanging between the two 7-branes can move off the diagram as in Figure 2. Stripping off
the piece of 5-branes corresponds to giving a large vev to hypermultiplets. The vev induces
an RG flow and we obtain a different theory at low energy. We will call such an IR theory
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x5
x6
Figure 1. The web diagram for the T3 theory. Each ⊗ represents a 7-brane.
Q1
Q2
Figure 2. An example of Higgsing by tuning the length of two 5-branes labelled as Q1, Q2. The
broken lines represent the directions along x7, x8, x9.
and an IR diagram as a Higgsed 5d TN theory and a Higgsed web diagram respectively. This
particular class of Higgsing will be the main focus of this paper.
It is important to check that the Higgsed diagram preserves supersymmetry. For example
only a single D5-brane can be connected to an NS5-brane without breaking supersymmetry
[3, 41]. Taking into account this and its SL(2,Z) duals in a supersymmetric Higgsed diagram
some of the 5-branes will be forced to jump over some other 5-branes like in the example in
Figure 2.
All the possible ways to put external 5-branes on 7-branes in a TN diagram can be
nicely represented by a partition of N . A partition of N , namely a set of positive integers
[n1, n2, · · · , nk] such that
∑k
i=1 ni = N , corresponds to a configuration where ni 5-branes are
put on the same 7-brane. If wj of the ni’s coincide in the partition, the flavour symmetry
is S[
∏
j U(wj)]. For instance the configuration of the external D5-branes of the TN theory
is represented by the partition [1, · · · , 1] with N 1’s and this gives SU(N) flavour symmetry
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as expected. The Higgsing shown in Figure 2 represents changing the partition [. . . , 1, 1, . . . ]
to [. . . , 2, . . . ]. Quite interestingly these partitions coincide with the ones which appear at a
puncture of a Riemann surface characterising class S theory. Four-dimensional class S theories
are constructed by compactifying a six-dimensional (2, 0) theory on a Riemann surface with
punctures [2]. 5-brane webs give five-dimensional versions of class S theories and the partition
which classifies the external 5-branes configuration corresponds to the Young diagram at the
puncture. Due to this correspondence, we will often call the configuration of external 5-brane
ending on 7-branes a puncture.
Another advantage of the 5-brane web is that we can compute the partition function
of the 5d theory realised by the web diagram. The web diagram of the TN theory in type
IIB theory is dual to a toric Calabi–Yau threefold in M-theory and in this dual picture the
five-dimensional theory is realised as a low energy effective theory from the compactification
of M-theory on the toric Calabi–Yau threefold. The partition function of the theory can be
computed by the powerful technique of the refined topological vertex [19, 20] after eliminating
what we call decoupled factor which is a contribution associated to strings between parallel
external legs [21, 22, 25]. Technical details of the refined topological vertex as well as the
decoupled factor are summarised in appendix A.
The computation of the partition functions of the Higgsed 5d TN theories is more involved.
Due to some jumps of 5-branes over other 5-branes Higgsed diagrams are not dual to toric
Calabi–Yau threefolds and therefore we cannot directly apply the refined topological vertex
formalism. However it is still possible to compute the partition function of the IR theory
realised by a Higgsed diagram by first computing the partition function of a UV theory which
embeds the IR theory and then applying a suitable tuning condition to the parameters of the
UV partition function. After eliminating some singlet hypermultiplets in the Higgs vacuum
we obtain the partition function of the IR theory [21, 28]. For example the Higgsing in Figure
2 requires a tuning
Q1 =
(q
t
) 1
2
, Q2 =
(q
t
) 1
2
, (2.1)
or
Q1 =
(
t
q
) 1
2
, Q2 =
(
t
q
) 1
2
, (2.2)
where the two conditions give equivalent results of the Nekrasov partition function [21, 28].
Here Q1,2 := e
−L1,2 where L is the length of the 5-branes. In the dual description the length
is the size of a corresponding two-cycle. Hence, we will often call Ka¨hler parameter to refer
to Q. q, t are given by q = e−2 , t = e1 where 1, 2 are the chemical potentials associated to
the symmetries SO(2)×SO(2) ⊂ SO(4), and SO(4) is the little group of the five-dimensional
spacetime.
2.2 Topological vertex, external legs
While the procedure described in the previous subsection for the computation of the partition
function of 5d TN theories in the Higgs branch is totally general it is quite clear that it is not
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λ1
Q1, µ1
Q2, µ2
ν
λ2
∅
∅
Figure 3. Higgsing of parallel horizontal external legs in a TN diagram. The orange dots indicate the
lines that are shrunk to zero length, and hence we use Q = 1 in the computation of the topological
string partition function.
an extremely efficient way to carry on this kind of computations. An improvement would be
to directly have a formulation of the topological vertex that can be applied to web diagrams
that are not dual to toric geometries but that can be obtained by toric web diagrams after
a suitable tuning of its Ka¨hler parameters. Here we will show how this is indeed possible
for the case of the topological vertex, discussing the simple example of placing external legs
placed on top of each other and deferring the general case to the next subsection.
The setup we have in mind is the one shown in Figure 3. The topological string partition
function for this kind of local diagram can be easily computed for the diagram is toric
Z =
∑
µ1,µ2
(−1)|µ1|+|µ2|Cλ1µ1∅(q)Cµ2µt1νt(q)Cµt2λ2∅(q) . (2.3)
The topological vertex is defined as (A.3) with t = q. Note that we have set two Ka¨hler pa-
rameters Q1,2 to 1 since the corresponding two lines are shrunk to zero size. This corresponds
to the unrefined version, q = t, of the tuning condition (2.1) or (2.2). It is quite straightfor-
ward to perform the Young diagram summations on µ1 and µ2 using well known identities
on Schur functions (B.5) and (B.6), and after these summations the partition function (2.3)
becomes
Z =
∑
η1,η2,κ1,κ2,κ3
(−1)|κ1|+|κ2|+|η1|+|η2|q
||λ2||2−||λt2||2+||νt||2
2 Z˜ν(q)×
× sλt1/η1(q
−ρ)sηt1/κt1(q
−ν−ρ)sκ1/κ3(q
−ρ)sκ2/κ3(q
−ρ)sηt2/κt2(q
−νt−ρ)sλ2/η2(q
−ρ)×
×
∞∏
i,j=1
(1− qi+j−1−νj )(1− qi+j−1−νti )
(1− qi+j−1) .
(2.4)
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λ1
Q1, µ1
Q2, µ2
ν2
λ2
ν1
ν3
Figure 4. Higgsing of parallel horizontal legs in a TN diagram. The orange dots indicate the lines
that are shrunk to zero length.
The last terms in (2.4) are very important at this level, note in fact that if ν 6= ∅ the product
will always be zero. This greatly simplifies the expression and using the identity (B.8) of
Schur functions we can arrive to the simpler expression
Z =
∑
κ3
q
||λ2||2−||λt2||2
2 sλt1/κ3(q
−ρ)sλ2/κ3(q
−ρ)
∞∏
i,j=1
(1− qi+j−1) = Cλ1λ2∅(q)
∞∏
i,j=1
(1− qi+j−1) .
(2.5)
We see therefore that, up to an infinite product factor, the partition function reduces to a
simple topological vertex. Since the infinite product factor will eventually contribute only
to decoupled factors in the partition function of a diagram we will cancel it already at this
level and propose that the partition function can be computed simply applying the usual
topological vertex rule in the Higgsed diagram.
Note that we have carried out the computation with a specific choice of the ordering of
the Young diagrams in the topological vertices. A similar computation can be performed
for other different choices of orderings in the topological vertices obtaining a result which is
always consistent with the cyclic symmetry of the topological vertex.
2.3 Topological vertex, general case
The procedure described in the previous subsection was limited to a simple case, namely the
case in which the branes that are placed on top of each other are external in the diagram.
However, while in order to enter the Higgs branch of the TN theory placing external branes
on top of each other is the starting point, the propagation of the generalised s-rule [3, 41]
inside the diagram leads in some cases to a situation in which some internal branes are placed
on top of each other, so that it is necessary to have a rule for the topological vertex for this
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more complicated case. We will follow the same strategy of the previous computation, we
show in Figure 4 the diagram we are considering in this case.
The topological string partition function for the local diagram can be computed as usual
using the topological vertex
Z(ν1, ν3; ν2, λ1, λ2) =
∑
µ1,µ2
(−Q1)|µ1|(−Q2)|µ2|Cλt1µ1νt1(q)Cµ2µt1νt2(q)Cµt2λ2νt3(q) , (2.6)
where for the moment we did not impose the tuning condition Q1 = Q2 = 1. Again it is
quite straightforward to perform the summations on the Young diagrams µ1 and µ2 giving
the following result
Z(ν1, ν3; ν2, λ1, λ2) =
∑
η1,η2,κ1,κ2,κ3
(−Q1)|η1|+|κ2|−|κ3|(−Q2)|η2|+|κ1|−|κ3|q
||λ2||2−||λt2||2+||νt1||2+||νt2||2+||νt3||2
2
× sλ1/η1(q−ν
t
1−ρ)sηt1/κt1(q
−ν2−ρ)sκ1/κ3(q
−νt3−ρ)
× sκ2/κ3(q−ν1−ρ)sηt2/κt2(q
−νt2−ρ)sλ2/η2(q
−ν3−ρ)
× Z˜ν1(q)Z˜ν2(q)Z˜ν3(q)
∞∏
i,j=1
(1−Q1qi+j−1−ν1,i−ν2,j )(1−Q2qi+j−1−νt2,i−νt3,j )
(1−Q1Q2 qi+j−1−ν1,i−νt3,j )
.
(2.7)
As in the previous case it is extremely important to carefully look at the last factors in (2.7),
and in this case we find that it is important to define properly how to impose the tuning
condition Q1 = Q2 = 1. We start by setting Q1 = Q2 = Q and then finally take the limit for
Q going to 1. We observe the following behaviour of the infinite product term
lim
Q→1
∞∏
i,j=1
(1−Qqi+j−1−ν1,i−ν2,j )(1−Qqi+j−1−νt2,i−νt3,j )
(1−Q2 qi+j−1−ν1,i−νt3,j )
=
[
lim
Q→1
(
1−Q
1−Q2
)n]
F (ν1,ν3)ν2 (q)
=
1
2n
F (ν1,ν3)ν2 (q), (2.8)
where n is the number of zero terms in the product
∏∞
i,j=1(1−Qqi+j−1−ν1,i−ν
t
3,j ) when we set
Q = 1. When ν1 = ν
t
2 or ν3 = ν
t
2, the explicit expression of F
(ν1,ν3)
ν2 (q) is
∞∏
i,j=1
(1−Qqi+j−1−ν1,i−νt1,j ) or
∞∏
i,j=1
(1−Qqi+j−1−ν3,i−νt3,j ), (2.9)
respectively. It is important to note that (2.8) can be non–zero even if both ν1 = ν
t
2 and
ν3 = ν
t
2 are not satisfied.
As opposed to the intuition from the Higgsed web diagram in Figure 4, neither ν1 = ν
t
2
nor ν3 = ν
t
2 is required for a non-zero result of (2.7). Even in the case with ν1 = ν
t
2 or ν3 = ν
t
2,
the infinite product factor gives the odd “weight” 12n as in (2.8). When we simply focus on
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the case of ν1 = ν
t
2 of (2.7), it is possible to use the identity (B.7) and arrive at the following
result
Z(ν1, ν3; ν
t
1, λ1, λ2) = q
||λ2||2−||λt2||2+||ν1||2+||νt1||2+||ν3||2
2 Z˜2ν1(q)Z˜ν3(q)
× 1
2n
∞∏
i,j=1
(1− qi+j−1−ν1,i−νt1,j )
∑
κ3
sλ1/κ3(q
−νt3−ρ)sλ2/κ3(q
−ν3−ρ)
=
1
2n
q
||ν1||2+||νt1||2
2 Z˜2ν1(q)Cλt1λ2νt3(q)
∞∏
i,j=1
(1− qi+j−1−ν1,i−νt1,j ) ,
(2.10)
where we also used that Z˜ν(q) = Z˜νt(q). At this point note that
∞∏
i,j=1
(1− qi+j−1−νi−νtj ) =
∞∏
i,j=1
(1− qi+j−1)
∏
s∈ν
(1− qlν(s)+aν(s)+1)(1− q−lν(s)−aν(s)−1)
= (−1)|ν|
∞∏
i,j=1
(1− qi+j−1)
∏
s∈ν
(1− qlν(s)+aν(s)+1)2q−lν(s)−aν(s)−1
= (−1)|ν|
∞∏
i,j=1
(1− qi+j−1)Z˜−2ν (q)q−
||ν||2+||νt||2
2 ,
(2.11)
so that in the end we arrive at the quite simple result
Z(ν1, ν3; ν
t
1, λ1, λ2) =
1
2n
(−1)|ν1|Cλt1λ2νt3(q)
∞∏
i,j=1
(1− qi+j−1) , (2.12)
Therefore, we obtain the single topological vertex as in section 2.2 but the weight 12n appears
in the final expression. Also (2.12) is not exactly equal to (2.7) with Q1 = Q2 = 1 since we
ignore the cases where ν1 6= νt2. The case with ν3 = νt2 also yields the same expression with
ν1 exchanged with ν3 and we again have the weight
1
2n .
While these facts may lead to think that it is not possible to define a variation of the
vertex rule for the diagram in Figure 4 we will now argue that, after the properly gluing the
remaining contributions involving the Young diagrams ν1 and ν3, the rule for the computation
is rather simple. Since we assume that both ν1 and ν3 are non-trivial, those legs should be
glued to some other legs in a complete diagram. Hence, in order to compute the partition
function of the Higgsed diagram, it is enough if we obtain the same result after performing
the Young diagram summations of ν1, ν3. In fact, it will turn out that the computation by
replacing (2.7) with the single topological vertex as in (2.12) but without 12n exactly yields
the same result as the original one of (2.7) after summing up the Young diagrams ν1, ν3.
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λ1
Q1, µ1
Q2, µ2
ν2
λ2
Q˜, ν1
Q˜, ν3
Figure 5. Higgsing of parallel horizontal legs in a TN diagram with some additional parts of the
diagram glued. The orange dots indicate the lines that are shrunk to zero length.
To this end we consider the diagram in Figure 5 and compute its local contribution to
the topological string partition function. The result is the following one
Z(ν2, λ1, λ2) =
∑
ν1,ν3
(−Q˜)|ν1|+|ν3|C∅∅ν1(q)C∅∅ν3(q)Z(ν1, ν3; ν2, λ1, λ2)
= q
||νt2||2+||λ2||2−||λt2||
2 Z˜ν2(q)∑
ν1,ν3
1
2n
(−Q˜)|ν1|+|ν3|Z{ν1,ν3}1 (ν2, λ1, λ2) , (2.13)
where we defined
Z
{ν1,ν3}
1 (ν2, λ1, λ2) =
∑
η1,η2,κ1,κ2,κ3
(−1)|η1|+|η2|+|κ1|+|κ2|−2|κ3|
× sλ1/η1(q−ν
t
1−ρ)sηt1/κt1(q
−ν2−ρ)sκ1/κ3(q
−νt3−ρ)
× sκ2/κ3(q−ν1−ρ)sηt2/κt2(q
−νt2−ρ)sλ2/η2(q
−ν3−ρ)
× q
||ν1||2+||νt1||2+||ν3||2+||νt3||2
2 Z˜2ν1(q)Z˜
2
ν3(q) F
(ν1,ν3)
ν2 (q) ,
(2.14)
We then compare the result (2.13) with another computation by replacing the vertical strip
diagram in Figure 5 with the single topological vertex as in Figure 6. The topological string
partition function computed from the local diagram of the right figure in Figure 6 is
Z ′(ν2, λ1, λ2) = Q˜|ν2|C∅∅νt2(q)
∑
ν
(−Q˜)|ν|C∅∅ν(q)Cλt1λ2νt(q)
= Q˜|ν2|
[
q
||νt2||2
2 Z˜ν2(q)
]
q
||λ2||2−||λt2||
2
∑
ν
(−Q˜)|ν|Z{ν}2 (λ1, λ2), (2.15)
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λ1
µ1
µ2
Q˜2, ν2
λ2
Q˜, ν1
Q˜, ν3
Q˜, ν
λ1
Q˜ Q˜2, ν2
λ2
Figure 6. The replacement of the vertical Higgsed strip part with a trivalent vertex after gluing two
horizontal legs.
where we omitted a factor (−Q˜2)|ν2| since this is not taken into account in (2.13) either. We
also defined
Z
{ν}
2 (λ1, λ2) = q
||ν||2+||νt||2
2 Z˜2ν (q)
∑
η
sλ1/η(q
−νt−ρ)sλ2/η(q
−ν−ρ) , (2.16)
We argue that the summation over two Young diagrams ν1 and ν3 by (2.14) can be
precisely reproduced by the single Young diagram summation of ν by (2.16) up to a irrelevant
infinite product. More specifically, we propose that7
∑
ν1,ν3
|ν1|+|ν3|=κ
1
2n
(−Q˜)|ν1|+|ν3|Z{ν1,ν3}1 (ν2, λ1, λ2) = Q˜|ν2|
∑
ν
|ν|=κ−|ν2|
(−Q˜)|ν|Z{ν}2 (λ1, λ2)
∞∏
i,j=1
(1−qi+j−1) .
(2.17)
Note that the summation in (2.17) is taken over for fixed κ. We have checked this relation
for different choices of λ1, λ2 and ν2 and for different values of κ finding always perfect
agreement. The appearance of the Q˜|ν2| in (2.17) is consistent with the fact that in Figure 6
in the Higgsed diagram the ν2 summation is associated with a leg whose Ka¨hler parameter is
Q˜Q˜2. In other words, Q˜
|ν2| factor of (2.17) reproduces the Q˜|ν2| factor appearing in (2.15).
In order to obtain clearer picture of how the relation (2.17) holds, let us see it more
explicitly8. For example, (2.16) with ν = [2] for λ1 = [1], λ2 = [1, 2] is reproduced by the
relation
1
2
Z
{[2],∅}
1 (∅, [1], [1, 1]) +
1
2
Z
{∅,[2]}
1 (∅, [1], [1, 1]) = Z{[2]}2 ([1], [1, 1]) . (2.18)
7Actually we observe that something stronger than (2.17) holds. In fact per each Young diagram ν there
exist a set of pairs of Young diagrams {ν1, ν3} such that the sum on the left hand side of (2.17) restricted to
these pairs correctly reproduces Z
{ν}
2 (λ1, λ2). In the following explicit examples we will see the occurrence of
this phenomenon.
8In the examples we are going to discuss we shall forget about the infinite product appearing in (2.17).
– 12 –
with
Z
{[2],∅}
1 (∅, [1], [1, 1]) = Z{∅,[2]}1 (∅, [1], [1, 1]) = Z{[2]}2 ([1], [1, 1]), (2.19)
which is essentially due to the relation (2.12). The factors of 12 in (2.18) represent the weight
1
2n with n = 1. Note also that the other κ = 2 contribution from Z
{[1],[1]}
1 (∅, [1], [1, 1]) is zero.
Therefore, the effect of the weight 12 in this case is precisely to reproduce the single Young
diagram dependence from the double Young diagram dependence. Namely, the odd looking
weight 12n with n = 1 is really necessary to reproduce the single Young diagram summation
from the double Young diagram summations.
One less trivial case with n > 1 is, for example, (ν1, ν3) = ([2, 2], ∅) with ν2, λ1, λ2 being
trivial. In this case, we have a weight 1
22
. However, there are other non-zero results with
κ = 4 coming from (ν1, ν3) = ([2, 1], [1]) and ([2], [1, 1]). Their weights are also
1
22
, and a
non–trivial summation relation holds,
Z
{[2,2],∅}
1 (∅, ∅, ∅) = Z{[2,1],[1]}1 (∅, ∅, ∅) + Z{[2],[1,1]}1 (∅, ∅, ∅). (2.20)
Hence, the sum of the three terms becomes
1
4
[
Z
{[2,2],∅}
1 (∅, ∅, ∅) + Z{[2,1],[1]}1 (∅, ∅, ∅) + Z{[2],[1,1]}1 (∅, ∅, ∅)
]
=
1
2
Z
{[2,2],∅}
1 (∅, ∅, ∅) (2.21)
The same phenomenon happens when ν1 is exchanged with ν3, and we finally obtain
1
2
Z
{[2,2],∅}
1 (∅, ∅, ∅) +
1
2
Z
{∅,[2,2]}
1 (∅, ∅, ∅) = Z{[2,2]}2 (∅, ∅) . (2.22)
We again see that the double Young diagram dependence becomes the single Young diagram
dependence.
By using (2.17), we have found that9
Z(ν2, λ1, λ2) = Z
′(ν2, λ1, λ2) . (2.23)
Namely, after the summation, we obtain the same result up to the infinite product factor
when we replace the vertical strip part of the diagram in Figure 5 with a trivalent vertex as
in Figure 6. This leads to a proposal that we can always perform the replacement of Figure
7 for the computation of the partition function of theories from Higgsed diagrams since both
methods give the same result. Therefore, for the Higgsing in Figure 4, we can again use the
topological vertex10
Z(ν1, ν3; ν2, λ1, λ2)→ (−1)|ν2|Cλt1λ2νt3(q) (2.25)
9In the following we shall remove the infinite product term that appears in (2.17) because this is only a
contribution due to singlet hypermultiplets.
10Or we can also use
Z(ν1, ν3; ν2, λ1, λ2)→ (−1)|ν2| Cλt1λ2νt1(q) (2.24)
with νt2 = ν3. The two ways of the replacement give the same result in the end for the computation of a
complete diagram.
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λ1
µ1
µ2
Q˜2, ν2
λ2
Q˜, ν1
Q˜, ν3
λ1
Q˜Q˜2, ν2
λ2
Q˜, ν3
Figure 7. The general procedure for the computation of the topological string partition function in
a Higgsed diagram.
with νt2 = ν1. Namely, using this rule which pictorially we illustrate in Figure 7 it is therefore
possible to directly compute the topological string partition function applying the topological
vertex to the Higgsed diagram.
Note moreover that the vertex (2.25) that replaces the original diagram contains a peculiar
factor of the form (−1)|ν|. The presence of this factor is actually perfectly consistent and
allows us to compute the topological string partition function in the Higgsed diagram with
the usual rules of the topological vertex. We show in Figure 7 how the Ka¨hler parameters
are assigned in the case of gluing some legs, and the presence of the additional (−1)|ν| factor
simply allows to compute the topological string partition function introducing the usual factor
(−Q)|ν| where we called Q the total Ka¨hler parameter of the two glued legs. In the example
of Figure 7, the Q is Q˜Q˜2.
We would also like to discuss an explicit example to further corroborate our conjecture.
The diagram we consider is the one in Figure 8. We can first try to compute the result
by simply applying the topological vertex to the Higgsed web diagram of the right figure of
Figure 8. Since the Higgsed web diagram consists of a single T2 diagram
11 it is possible to
compute the topological string partition function performing all Young diagram summations
and the result is simply [21, 22, 42]
ZHiggs T3-1 = Z˜T2 =
∞∏
i,j=1
(1−Q1Q2Q3qi+j−1)
∏3
k=1(1−Qkqi+j−1)
(1−Q1Q2qi+j−1)(1−Q2Q3qi+j−1)(1−Q1Q3qi+j−1) . (2.26)
Let us compare the result with the one computed by the original method using the tuned
UV diagram of the left figure of Figure 8. In this example it is also possible to directly use
the result of the topological string partition function for a Higgsed T3 computed in [28] and
perform an additional Higgsing in the diagram. The result is simple and can be written in
11The trivalent vertex with trivial representations on all the legs gives a trivial contribution.
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Q1
Q2
Q3
Q1
Q2 Q3
Figure 8. On the left: a particular Higgs branch of a T3 diagram. On the right: the diagram that
allows to compute the topological string partition function with a single gluing.
terms of infinite products
ZHiggs T3-2 =
∞∏
i,j=1
(1− qi+j−1)2(1−Q1Q2Q3qi+j−1)
∏3
k=1(1−Qkqi+j−1)
(1−Q1Q2qi+j−1)(1−Q2Q3qi+j−1)(1−Q1Q3qi+j−1) . (2.27)
We see therefore that up to some irrelevant singlet hypermultiplets the two results perfectly
agree providing further evidence for the procedure we described.
Finally one last comment regarding the cyclic symmetry of the topological vertex. While
we have done our computation with a very specific choice of ordering of the Young diagrams
in the topological vertex it is possible to do the computation with all other possible order-
ings and the result is always consistent with the cyclic symmetry of the topological vertex
(although it is not necessary to appeal to it to do the computation).
2.4 Decoupled factors for Higgsed 5d TN theories
In this section we discuss how to correctly identify the decoupled factors in the Higgsed
diagram. It is nice if a simple variant of the usual rule for the identification of these factors
can be applied to Higgsed diagrams leading to a very simple procedure for the subtraction of
these contributions in the partition function. We will see in this subsection that this is indeed
the case. Moreover we will see that a great advantage of using the vertex rule for the Higgsed
diagram is that it is no longer necessary to identify and cancel the contributions of singlet
hypermultiplets because these contributions are not present at all in the Higgsed diagram.
We start by recalling the usual rule for the identification of decoupled factors in a toric
diagram which is more easily described in the M-theory dual [21, 22]: decoupled factors
can be identified as the contributions coming from M2-branes wrapping curves with zero
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Q1
Q2
Figure 9. Diagram contributing to decoupled factors in the topological string partition function.
intersection number with any compact divisor of the geometry. In particular these curves can
be continuously moved off to infinity and the states carry charge only under global symmetries
of the 5d theory. We show in Figure 9 the basic example of a diagram containing decoupled
factors whose contribution to the topological string partition function has the following form
Zdec =
∞∏
i,j=1
(1−Q1Q2qi+j−1)−1 . (2.28)
Since decoupled factors always involve pairs of parallel external legs we will always refer
to them as decoupled factors coming from parallel external legs. The claim of [21, 22, 24,
25] is that the correct partition function of the 5d field theory can be computed from the
topological string partition function by appropriately cancelling these contributions, namely
the 5d Nekrasov partition function has the following form
ZNek =
Ztop
Zdec
. (2.29)
We would like to discuss how the contributions of decoupled factors can be computed
in the case of a Higgsed diagram. We will look directly at the example of putting a pair
of parallel external 5-branes on top of each other for this already contains all the relevant
information. The diagram we consider is in Figure 10, and in particular we will be interested
in the contribution of decoupled factors coming from parallel diagonal legs. We see that in
the toric diagram (therefore before putting the horizontal 5-branes on top of each other) the
only contribution to the decoupled factor in the local part of the diagram we are considering
is simply
Zdec, // =
∞∏
i,j=1
(1−Q1Q2qi+j−1)−1 . (2.30)
We would like now to look at the particular case in which we put the two parallel horizontal
external legs on top of other, and in order to do this we need to tune the Ka¨hler parameters
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Q1
Q3
Q2
Q4
Q5
Q4
Q5
Figure 10. On the left: Diagram with decoupled factors coming from parallel diagonal and horizontal
legs. On the right: The diagram after Higgsing corresponding to putting external horizontal legs
together.
of the diagram so that Q1 = Q3 = 1. After entering the Higgs branch the contribution (2.30)
will still be present, however the curve with Ka¨hler parameter Q1Q2 is no longer present in
the diagram and it seems a bit subtle to correctly identify the contribution of such decoupled
factor directly in the Higgsed diagram. In fact in the case in which Q1 = Q3 = 1 because of
the geometric relations in the diagram it is true that Q2 = Q4Q5 and the contribution to the
topological string partition function of the decoupled factor is simply
Zdec, // =
∞∏
i,j=1
(1−Q2qi+j−1)−1 =
∞∏
i,j=1
(1−Q4Q5qi+j−1)−1 . (2.31)
We see therefore that, while the original curve that contributed to the decoupled factor is no
longer present in the Higgsed diagram, it is true that a different curve is still present hosting
the same contribution and therefore the contributions due the decoupled factors can be easily
identified in the Higgsed diagram as well. The rule we have described is actually sufficient to
correctly compute the decoupled factors in any Higgsed diagram for more complicated cases
can always be studied by simple iteration of this rule.
Another fundamental piece in the correct computation of the partition function in the
Higgs branch of 5d theories is the correct identification of the contributions of singlet hyper-
multiplets to the partition function for these contributions need to be subtracted as well from
the partition function in order to get the correct result. The rule that was used in [21, 28] to
correctly identify these contributions is that these hypermultiplets will come from M2-branes
wrapping curves connecting pairs of legs in the diagram that become external after entering
the Higgs branch. Remarkably these contributions are totally absent if the partition function
is computed using the usual topological vertex rule for Higgsed diagrams12. The absence of
12We stress that it is crucial to drop the infinite product term in (2.23) in order not to have any contribution
of singlet hypermultiplets in the case of Higgsed diagrams.
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Q1
P1
Qn
Pn
Figure 11. The diagram which illustrates the cancellation between decoupled factors and singlet
hypermultiplets. The decoupled factors coming from strings between the green leg and the other
external legs cancels the contribution of singlet hypermultiplets coming from strings between the red
leg and the external leg after the Higgsing. The orange dots indicates the lines becoming zero size.
these contributions is due to a cancellation of contributions between a part of the decoupled
factors and singlet hypermultiplets and we will show now the basics of this cancellation.
We show in Figure 11 the situation we are considering. Note that after putting the
pair of external 5-branes on top of each other the 5-brane coloured in red will become an
external brane and therefore there will be contributions due to singlet hypermultiplets in the
partition function that originate from curves connecting the new external 5-brane and the
5-branes that were external before entering the Higgs branch. The contributions due to these
hypermultiplets in the partition function is easily computed
Zhyper =
∞∏
i,j=1
(1− qi+j−1)2
n∏
k=1
(
1− qi+j−1
k∏
l=1
QlPl
)
. (2.32)
However the topological string partition function also contains contributions due to the decou-
pled factors that come from curves connecting the external 5-branes of the original diagram
before entering the Higgs branch, and in particular if we consider the contributions that
involve only curves connecting the 5-brane coloured in green in Figure 11 we see that this
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contribution is
Zdec =
∞∏
i,j=1
(1− qi+j−1)−1
n∏
k=1
(
1− qi+j−1
k∏
l=1
QlPl
)−1
. (2.33)
Therefore we see that the total contribution in the topological string partition function is
ZhyperZdec =
∞∏
i,j=1
(1− qi+j−1) . (2.34)
Note that the infinite product term actually coincides with the one appearing in (2.23) and
this factor is dropped when computing the topological string partition function for a Higgsed
diagram. Therefore we see that contributions of singlet hypermultiplets are not present at
all in this kind of computation. Since decoupled hypermultiplets appear only when two legs
are placed on top of each other this argument is sufficient to show that the contributions
due to these hypermultiplets will be totally absent. In the Higgsed diagram therefore there
will be no contributions due to decoupled hypermultiplets whereas some contributions due to
decoupled factors will still be present. However these are nothing but the standard decoupled
factors that can be easily identified from the Higgsed diagram instead of the original toric
diagram, using the prescription described before in this section. Therefore, we need to only
remove the contributions of the decoupled factors associated to the Higgsed diagram.
To summarise we see that it is possible to understand which are the contributions to
the partition function due to decoupled factors by simple inspection of the Higgsed diagram.
This is natural because in general these contributions will appear in the topological string
partition function which, as we have seen in the previous section, can be computed by mere
application of the topological vertex to the Higgsed diagram. Therefore the analysis of the
Higgsed diagram is sufficient to correctly identify these contributions which, as it happens in
the case of web diagrams dual to toric Calabi–Yau threefolds, are given by strings between
parallel external legs that are connected by a curve in the Higgsed diagram. This for instance
implies that if the Higgsed diagram is given by two disconnected diagrams the decoupled
factor will be given by the product of the decoupled factors of each diagram, and in the next
section we will see some explicit examples in which this occurs.
3 Examples
In this section, we apply the technique of the topological vertex obtained in section 2 to certain
Higgsed 5d TN theories. The analysis in section 2 shows that we can apply the rule of the
topological vertex as well as the decoupled factors directly to Higgsed web diagrams although
the web diagram is not dual to a toric Calabi–Yau threefold. Therefore, the computation is
greatly simplified because we do not need to compute the topological string partition function
for a larger web diagram which yields a UV theory. We will see it by explicitly computing
the topological string partition function from web diagrams which realise the rank 2 E6, E7
and E8 theories.
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Figure 12. The web diagram of the rank 2 E6 theory.
3.1 Rank 2 E6 theory
The rank 2 E6 theory can be realised as an IR theory in a Higgs branch of the T6 theory.
The web diagram is depicted in Figure 12. The full puncture [1, 1, 1, 1, 1, 1] of the T6 theory
reduces to [2, 2, 2], which gives an SU(3) flavour symmetry. Hence, we have in total SU(3)×
SU(3)×SU(3) flavour symmetries which are nicely embedded in E6. In general, the rank N
E6 theory is obtained by Higgsing each of the full punctures of the T3N theory to [N,N,N ].
The mass deformation of the rank N E6 theory gives an Sp(N) gauge theory with five flavours
and one anti-symmetric hypermultiplet.
From the web diagram in Figure 12, we can clearly see that the web diagram of the rank 2
E6 theory consists of two copies of the web diagram of the rank 1 E6 theory, which is nothing
but the T3 theory. Let the T3 diagram with the larger and smaller closed face be [T3]1, [T3]2
diagram respectively. The [T3]1 web diagram is depicted in Figure 13. Since the topological
vertex computation for Higgsed web diagrams can be carried out just by the usual rule of the
topological vertex for toric web diagrams, the topological string partition function from the
rank 2 E6 web diagram should be given by the product of two topological string partition
functions computed from each T3 web diagram, namely
Zrk2 E6top = Z
[T3]1
top [P1] · Z [T3]2top [P2] , (3.1)
where Z
[T3]i
top [Pi] represents the topological string partition function from the [T3]i diagram
with a set of parameters and moduli Pi, for i = 1, 2. P1,2 are related to the lengths of finite
length five-branes in the [T3]1,2 web diagram respectively. The relation between P1 and P2
may be read off from the web diagram of the rank 2 E6 theory in Figure 12. Furthermore, the
decoupled factor for Higgsed web diagrams can be also directly understood as the decoupled
factor associated with strings between parallel external legs of the Higgsed web diagrams.
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Q3
Qb
Q4
Q5
Figure 13. The [T3]1 web diagram for the rank 1 E6 theory.
Therefore, the decoupled factor for the rank 2 E6 diagram should be also the product of the
two decoupled factors from each T3 diagram, namely
Zrk2 E6dec = Z
[T3]1
dec [P1] · Z [T3]2dec [P2] , (3.2)
where Z
[T3]i
dec [Pi] represents the decoupled factor of the [T3]i diagram with a set of parameters
Pi, for i = 1, 2. Therefore, the partition function of the rank 2 E6 theory realised by the web
diagram should be given by13
Zrk2 E6 =
Zrk2 E6top
Zrk2 E6dec
=
Z
[T3]1
top [P1]
Z
[T3]1
dec [P1]
· Z
[T3]2
top [P2]
Z
[T3]2
dec [P2]
, (3.4)
and therefore it is the product of two partition functions of the T3 theory.
Let us then see how the parameters of the Sp(2) gauge theory arise in the web diagram of
Figure 12. For a theory realised by a web diagram a local deformation which does not move
semi-infinite 5-branes corresponds to a modulus of the theory while a global deformation
which moves semi-infinite 5-branes corresponds to a parameter of the theory. In the case of
the rank 2 E6 diagrams, each size of the two closed faces gives a local deformation. Hence
each [T3]1,2 diagram has one modulus, which is in fact a Coulomb branch modulus and we
shall call these two moduli αi, (i = 1, 2) respectively. The rank 2 E6 web diagram has in
general 6 global deformations. Five of them are mass parameters ma, (a = 1, · · · , 5) of the
13In this paper, we do not take into account the perturbative contribution from the Cartan part of the vector
multiplet. That contribution is not included in the topological vertex computation. The contribution is easily
recovered by introducing the factor
∞∏
i,j=1
(
1− qi+j−1
)−[rank G]
, (3.3)
where rank G is the rank of the gauge group G.
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five fundamental hypermultiplets, and one of them is the instanton fugacity u or the gauge
coupling of the Sp(2) gauge group. One might be tempted to think that there is another
parameter which corresponds to the relative distance between the centres of mass of the
two closed faces. However the semi-infinite 5-brane ending on the same 7-brane should be
grouped together. Hence, such a degree of freedom is frozen. One can also argue that we
should have one gauge coupling after tuning off the Coulomb branch moduli. This also implies
that the centres of the two closed faces should be at the same position. Hence, the parameter
corresponding to the relative distance between the centres of mass of the two closed faces is
absent.
When the centres of mass of the two closed faces coincide with each other, all the global
deformations are given by the masses of the five flavours and the instanton fugacity of the
Sp(2) gauge group. Hence, the theory realised by such a web diagram should correspond
to an Sp(2) gauge theory with 5 massive fundamental hypermultiplets and 1 massless anti-
symmetric hypermultiplet. Therefore, the web diagram Figure 12 realises a special rank 2 E6
theory.
For the computation of the topological string partition function from the rank 2 E6
diagram we need explicit relations between the parameters and the moduli of the theory and
the lengths of finite size 5-branes in the web diagram. It turns out that we can use the
same parameterisation as that of the T3 diagram, which is determined in [21], but the only
difference is that we use α1,2 for the Coulomb branch moduli for the parameterisation of the
[T3]1,2 diagrams respectively. Namely, we choose in Figure 13
Q1 = e
−(m1−α1), Q2 = e−(α1−m2), Q3 = e−(−α1−m3), Q4 = e−(m4+α1),
Q5 = e
−(m5−α1), Qf = e−2α1 , Qb = ue−α1−
1
2
(−m1+m2+m3+m4−m5), (3.5)
for the [T3]1 diagram. The parameterisation of the [T3]2 diagram is the same as (3.5) with
α1 exchanged with α2. Here Q := e
−L where L is the length of the 5-brane or the size of the
corresponding two-cycle in the dual M-theory picture. Hence, the product relation (3.4) can
be written more precisely by
Zrk2 E6 =
Z
[T3]1
top [α1,m1, · · · ,m5, u]
Z
[T3]1
dec [m1, · · · ,m5, u]
· Z
[T3]2
top [α2,m1, · · · ,m5, u]
Z
[T3]2
dec [m1, · · · ,m5, u]
. (3.6)
Note that the decoupled factors do not depend on the Coulomb branch moduli.
The physical meaning of the parametrisation is also clear. Strings in the [T3]1 diagram
yield particles with mass given by ±α1±ma, a = 1, · · · , 5 with appropriate signs. On the other
hand, strings in the [T3]2 diagram yield particles with mass given by ±α2 ±ma, a = 1, · · · , 5
with appropriate signs. Note here that the weights of the fundamental representation of
the Sp(2) Lie algebra are given by ±e1,±e2 where {e1, e2} are orthonormal basis of R2.
Therefore, the fundamental hypermultiplets related to weights ±e1 come from strings in the
[T3]1 diagram, and the fundamental hypermultiplets related to weights ±e2 come from strings
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in the [T3]2 diagram. By including both of them, we can form the complete components of
the fundamental hypermultiplets of Sp(2).
With the parameterisation (3.5) and similarly that from the [T3]2 diagram, we can ex-
plicitly compute the topological string partition function as well as the decoupled factor for
the rank 2 E6 theory. Due to the relation (3.1), it is enough to compute the topological
string partition function from the [T3]1,2 diagrams, which is essentially the topological string
partition function from the T3 diagram. The computation of the topological string partition
function for the T3 diagram was done in [21, 22] and we make use of the result by changing
the parameterisation into that of the [T3]1,2 diagrams. Then the topological string partition
function from the [T3]1 diagram is
Z
[T3]1
top = Z
[T3]1
0 · Z [T3]11 · Z [T3]1= , (3.7)
Z
[T3]1
0 =
H(e±α1−m1)H(e±α1+m3)
(∏
a=2,4H(e
−α1±ma)
)
H(e−2α1)2
,
Z
[T3]1
1 =
∑
ν1,ν2,ν3
u|ν1|+|ν2|e−(|ν3|−
1
2
(|ν1|+|ν2|))m5
2∏
i=1
∏
s∈νi
(∏3
a=1 2 sinh
Ei0−ma
2
)
2 sinh Ei3−m42∏2
j=1
(
2 sinh
Eij
2
)2 ∏
s∈ν3
∏2
i=1 2 sinh
E3i+m4
2(
2 sinh E332
)2 ,
Z [T3]1= =
(
H
(
e−(m1−m2)
)
H
(
e−(m2−m3)
)
H
(
e−(m1−m3)
))−1
.
We introduced some notations for the simplicity of the expressions
H(Q) =
∞∏
i,j=1
(1−Qqi+j−1) (3.8)
Eij(s) = βi − βj − 
(
lνi(s) + aνj (s) + 1
)
, (3.9)
where β0 = β3 = 0, β1 = −β2 = α1, ν0 = ∅ and q = egs = e. gs is the topological string
coupling. Also we defined H(e±x+y) := H(ex+y)H(e−x+y).
Similarly, the decoupled factor for the [T3]1 diagram is
Z
[T3]1
dec = Z
[T3]1
dec,= · Z [T3]1dec,|| · Z
[T3]1
dec,//, (3.10)
Z
[T3]1
dec,= =
(
H
(
e−(m1−m2)
)
H
(
e−(m2−m3)
)
H
(
e−(m1−m3)
))−1
,
Z
[T3]1
dec,|| =
(
H
(
u e−
1
2
(m1+m2+m3+m4−m5)
)
H
(
e−(m5−m4)
)
H
(
u e−
1
2
(m1+m2+m3−m4+m5)
))−1
,
Z
[T3]1
dec,// =
(
H
(
u e
1
2
(m1+m2+m3+m4+m5)
)
H
(
e−(m5+m4)
)
H
(
u e
1
2
(m1+m2+m3−m4−m5)
))−1
.
In (3.10) we used the symbols =, || and // to denote the contributions to the decoupled factor
associated with parallel horizontal, vertical and diagonal legs respectively.
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The partition function associated to the [T3]1 diagram is obtained by dividing Z
[T3]1
top by
Z
[T3]1
dec , which is
Z [T3]1 =
Z
[T3]1
top
Z
[T3]1
dec
= Z
[T3]1
pert · Z [T3]1inst (3.11)
Z
[T3]1
pert =
(∏
a=1,5H(e
±α1−ma)
)
H(e±α1+m3)
(∏
a=2,4H(e
−α1±ma)
)
H(e−2α1)2
,
Z
[T3]1
inst = H
(
u e−
1
2
(m1+m2+m3+m4−m5)
)
H
(
u e−
1
2
(m1+m2+m3−m4+m5)
)
H
(
u e
1
2
(m1+m2+m3+m4+m5)
)
H
(
u e
1
2
(m1+m2+m3−m4−m5)
)
H
(
e−(m5±m4)
)
H(e±α1−m5)
∑
ν1,ν2,ν3
u|ν1|+|ν2|e−(|ν3|−
1
2
(|ν1|+|ν2|))m5
2∏
i=1
∏
s∈νi
(∏3
a=1 2 sinh
Ei0−ma
2
)
2 sinh Ei3−m42∏2
j=1
(
2 sinh
Eij
2
)2 ∏
s∈ν3
∏2
i=1 2 sinh
E3i+m4
2(
2 sinh E332
)2 .
Z
[T3]1
pert is the perturbative part and Z
[T3]1
inst is the instanton part of the partition function. Note
that Z
[T3]1
inst does not include a non-trivial term at order O(u0) due to the identity [22, 42]∑
ν3
e−|ν3|m5
∏
s∈ν3
∏2
i=1 2 sinh
E3i+m4
2(
2 sinh E332
)2 = H(eα1−m5)H(e−α1−m5)H (e−(m5−m4)))H (e−(m5+m4)) . (3.12)
The partition function Z [T3]1 exactly agrees with the partition function of the Sp(1) gauge
theory with five fundamental hypermultiplets and this was checked up to 3-instanton in [21]
when we regard u as the instanton fugacity of the Sp(1) gauge theory.
Then, the partition function from the [T3]2 diagram is essentially the same as that from
the [T3]1 diagram except for the exchange of the Coulomb branch moduli, namely
Z [T3]2 [α2, {m1,2,3,4,5}, u] = Z [T3]1 [α2, {m1,2,3,4,5}, u] , (3.13)
where the right-hand side of (3.13) is (3.11) with α2 used instead of α1. Here, {m1,2,3,4,5}
means a set of mass parameters m1, · · · ,m5.
Due to the relation (3.4), we have obtained the partition function of the rank 2 E6 theory
realised by the web diagram in Figure 12,
Zrk2 E6 = Z [T3]1 [α1, {m1,2,3,4,5}, u] · Z [T3]1 [α2, {m1,2,3,4,5}, u] , (3.14)
where u is now identified with the instanton fugacity of the Sp(2) gauge theory.
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Let us see whether the result (3.14) agrees with the field theory result. The perturbative
part is given by
Zrk2 E6pert =
(∏
a=1,5H(e
±α1−ma)
)
H(e±α1+m3)
(∏
a=2,4H(e
−α1±ma)
)
H(e−2α1)2(∏
a=1,5H(e
±α2−ma)
)
H(e±α2+m3)
(∏
a=2,4H(e
−α2±ma)
)
H(e−2α2)2
(3.15)
By comparing (3.15) with (C.32) with N = 2, Nf = 5 inserted. (3.15) is precisely equal
to the perturbative contribution of the Sp(2) gauge theory with five massive fundamental
hypermultiplets and one massless anti-symmetric hypermultiplet up to the contribution from
the Cartan part of the vector multiplet and also some subtle divergent factors. Note that the
factors from the massless anti-symmetric hypermultiplet do not appear in Zrk2 E6pert because
they are cancelled by the factors from a part of the vector multiplet.
Let us then turn to the comparison of the 1-instanton part. Since the partition function
of the rank 2 E6 theory is the product of the partition functions from the [T3]1,2 diagrams
(3.14), the 1-instanton part is simply given by
Zrk2 E61-inst = Z
[T3]1 [α1, {m1,2,3,4,5}, u] |O(u1) + Z [T3]1 [α2, {m1,2,3,4,5}, u] |O(u1), (3.16)
where |O(u1) implies taking the term at order O(u1). Since the partition function of the
T3 theory agrees with the Nekrasov partition function of the Sp(1) gauge theory with five
fundamental hypermultiplet [21], the 1-instanton part of Z [T3]1 [α1, {m1,2,3,4,5}, u] is the 1-
instanton part of the Nekrasov partition function of the Sp(1) gauge theory with five flavours,
which is (C.22) with Nf = 5 and + = 0. + = 0 is due to the fact that we use the unrefined
topological vertex. Therefore, (3.16) becomes
Zrk2 E61-inst =
1
2
2∑
i=1
{ ∏5
a=1 2 sinh
ma
2
2 sinh ±2 2 sinh
±αi
2
+
∏Nf
a=1 2 cosh
ma
2
2 sinh ±2 2 cosh
±αi
2
}
. (3.17)
This completely agrees with the field theory result of (C.23) with N = 2 and  identified with
−. In (3.17) we introduced the notation sinh(±x) := sinh(x) sinh(−x).
Moreover we have checked agreement of the partition function (3.14) of the rank 2 E6
theory with the partition function of the Sp(2) theory with 5 flavours and one massless anti-
symmetric hypermultiplet at 2-instanton in the special limit where one of the masses of the
fundamental hypermultiplets is set to zero14. The method of how to compute the Sp(2)
instanton partition function at the 2-instanton level is summarised at the end of appendix
C.1.
14The reason why we set one mass to zero is not a fundamental issue but a technical issue. Namely our
computer program checking the equality did not end in a reasonable time when we chose all the masses are
general.
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Figure 14. The web diagram for the rank 2 E7 theory.
3.2 Rank 2 E7 theory
Next example is the rank 2 E7 theory which is realised by the web diagram in Figure 14.
The UV theory is the T8 theory with three full punctures. Then, we go to a Higgs branch
where one full puncture is reduced to [4, 4] and the other full punctures are reduced to
[2, 2, 2, 2]. The vev of the hypermultiplets induces an RG flow and we obtain the rank 2 E7
theory at low energies. The puncture with [4, 4] gives an SU(2) flavour symmetry and the
two punctures with [2, 2, 2, 2] yields SU(4) × SU(4) flavour symmetries. The total flavour
symmetries SU(2) × SU(4) × SU(4) can be embedded in E7. The rank N E7 theory is
realised by Higgsing the three full punctures of the T4N theory down to one [2N, 2N ] and
two [N,N,N,N ]. The mass deformation of the rank N E7 theory is the Sp(N) gauge theory
with six fundamental hypermultiplets and one anti-symmetric hypermultiplet.
Again, we can see that the web diagram of the rank 2 E7 theory is composed by two
copies of the web diagram of the rank 1 E7 theory. The web diagram of the rank 1 E7 theory
is shown in Figure 15. We will call one copy of the rank 1 E7 web diagram with the larger
closed face as [E7]1 web diagram, and another copy with the smaller closed face as [E7]2 web
diagram. The topological vertex formalism of Higgsed web diagrams again implies that the
topological string partition function from the rank 2 E7 diagram is given by
Zrk2 E7top = Z
[E7]1
top [P1] · Z [E7]2top [P2] , (3.18)
where Z
[E7]i
top [Pi] represents the topological string partition function from the [E7]i diagram
with a set of parameters and moduli Pi, for i = 1, 2. The decoupled factor of the rank 2 E7
diagram is also written by a product
Zrk2 E7dec = Z
[E7]1
dec [P1] · Z [E7]2dec [P2] , (3.19)
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Figure 15. The [E7]1 web diagram for the rank 1 E7 theory.
where Z
[E7]i
dec [Pi] represents the decoupled factor of the [E7]i diagram with a set of parameters
Pi, for i = 1, 2. Therefore, the partition function of the rank 2 E7 theory realised by the web
diagram Figure 14 can be obtained by
Zrk2 E7 =
Zrk2 E7top
Zrk2 E7dec
=
Z
[E7]1
top [P1]
Z
[E7]1
dec [P1]
· Z
[E7]2
top [P2]
Z
[E7]2
dec [P2]
. (3.20)
Hence, in order to compute the partition function of the rank 2 E7 theory, it is enough to
compute the partition function from the [E7]1 web diagram and then multiply it by the same
function with different arguments.
As in the case of the parameterisation of the rank 2 E6 theory, the parameterisation of the
rank 2 E7 theory is determined by making use of the parameterisation of the rank 1 E7 theory.
The relation between the gauge theory parameters and the lengths of five-branes for the rank
1 E7 theory was determined in [21]. The only difference between the parameterisation of the
[E7]1 diagram and that of the [E7]2 diagram is whether we use the Coulomb branch modulus
α1 or α2. Here, α1 is related to the size of the larger closed face and α2 is related to the size
of the smaller closed face. More precisely, we use the parameterisation
Q1 = e
−(m1−α1), Q2 = e−(α1−m2), Q3 = e−(−α1−m3), Q4 = e−(m4+α1),
Q5 = e
−(m5−α1), Q6 = e−(m6−α1), Qf = e−2α1 , Qb = ue−α1−
1
2
(−m1+m2+m3+m4−m5−m6).
(3.21)
for the [E7]1 web diagram. The correspondence between Q and 5-branes is depicted in Figure
15. u is the instanton fugacity of the Sp(2) gauge theory. The parameterisation of the [E7]2
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diagram is the same as (3.21) except that α1 is exchanged with α2. We also choose the
parameterisation such that the center of mass of the larger closed face coincides with the
center of mass of the smaller closed face. The theory realised by the web diagram should
be the Sp(2) gauge theory with six massive fundamental hypermultiplets and one massless
anti-symmetric hypermultiplet.
With the parameterisation of (3.21) and similarly that from the [E7]2 web diagram, we
perform the explicit computation of the topological string partition function from the rank 2
E7 web diagram by making use of the technique developed in section 2. Due to the product
structure (3.20), we first compute the topological string partition function from the [E7]1
diagram. The refined version of the computation was essentially done in section 6.3 of [21],
but we repeat the computation here since the discussion of the decoupled factor from the
rank 1 E7 diagram was unclear in [21]. The application of the topological vertex to the web
diagram Figure 15 gives the topological string partition function
Z
[E7]1
top =
∑
ν1,··· ,ν4,µ1,··· ,µ8
(−Qb)|ν1|(−QbQ2Q−15 )|ν2|(−Q5)|ν3|(−Q6)|ν4|(−Q1Q2)|µ1|(−QfQ−12 Q3)|µ2|
(−Q1)|µ3|(−Q2)|µ4|(−QfQ−12 )|µ5|(−Q3)|µ6|(−QfQ−14 )|µ7|(−Q4)|µ8|
C∅µ1∅(q)Cµ2µt1νt3(q)Cµt2∅∅(q)C∅µt3∅(q)Cµt4µ3νt1(q)Cµ4µ5ν3(q)Cµ6µt5νt2(q)Cµt6∅∅(q)
C∅µ7ν1(q)Cµt8µt7νt4(q)Cµ8∅ν2(q)C∅∅ν4(q). (3.22)
The straightforward computation by using the formulae in appendix A.1 gives
Z
[E7]1
top = Z
[E7]1
0 · Z [E7]11 · Z [E7]1= , (3.23)
Z
[E7]1
0 =
H(e±α1−m1)H(e±α1+m3)
(∏
a=2,4H(e
−α1±ma)
)
H (e−2α1)2
,
Z
[E7]1
1 =
∑
ν1,ν2,ν3,ν4
u|ν1|+|ν2|e−(|ν3|−
1
2
(|ν1|+|ν2|))m5e−(|ν4|−
1
2
(|ν1|+|ν2|))m6
2∏
i=1
∏
s∈νi
(∏
a=1,3 2 sinh
Ei0−ma
2
)
2 sinh Ei3−m22 2 sinh
Ei4−m4
2∏2
j=1
(
2 sinh
Eij
2
)2
∏
s∈ν3
∏2
i=1 2 sinh
E3i+m2
2(
2 sinh E332
)2 ∏
s∈ν4
∏2
i=1 2 sinh
E4i+m4
2(
2 sinh E442
)2 ,
Z [E7]1= = H
(
e−(m1−m3)
)−2
. (3.24)
We defined β0 = β3 = β4 = 0, β1 = −β2 = α1, ν0 = ∅.
The decoupled factor can be also directly read off from the Higgsed diagram. Namely it
is associated to the contribution from strings between the parallel external legs of the Higgsed
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diagram, which is, in this case, the [E7]1 web diagram in Figure 15. The decoupled factor
from the [E7]1 diagram is given by
Z
[E7]1
dec = Z
[E7]1
dec,= · Z [E7]1dec,|| · Z
[E7]1
dec,//, (3.25)
where
Z
[E7]1
dec,= = H
(
Q1Q3Q
−1
f
)−2
= H
(
e−(m1−m3)
)−2
,
Z
[E7]1
dec,|| = H (Q2Q5)
−1H (Q1Qb)−1H
(
QfQ
−1
4 Q6
)−1
H (Q1Q2Q5Qb)
−1
H
(
Q1Q
−1
4 Q6QfQb
)−1
H
(
Q1Q2Q
−1
4 Q5Q6QfQb
)−1
= H
(
e−(m5−m2)
)−1
H
(
ue−
1
2
(m1+m2+m3+m4−m5−m6)
)−1
H
(
e−(m6−m4)
)−1
H
(
ue−
1
2
(m1−m2+m3+m4+m5−m6)
)−1
H
(
ue−
1
2
(m1+m2+m3−m4−m5+m6)
)−1
H
(
ue−
1
2
(m1−m2+m3−m4−m5−m6)
)−1
Z
[E7]1
dec,// = H
(
QfQ
−1
2 Q5
)−1
H
(
Q2Q3Q
−1
4 Qb
)−1
H (Q4Q6)
−1H
(
Q3Q
−1
4 Q5QfQb
)−1
H (Q2Q3Q6Qb)
−1H (Q3Q5Q6QfQb)−1
= H
(
e−(m5+m2)
)−1
H
(
ue
1
2
(m1+m2+m3+m4+m5+m6)
)−1
H
(
e−(m6+m4)
)−1
H
(
ue
1
2
(m1−m2+m3+m4−m5+m6)
)−1
H
(
ue
1
2
(m1+m2+m3−m4+m5−m6)
)−1
H
(
ue
1
2
(m1−m2+m3−m4−m5−m6)
)−1
Again, we used the symbols =, || and // to denote the contributions that come from strings
between the parallel horizontal, vertical and diagonal legs respectively.
By combining the topological string partition function (3.23) with the decoupled factor
(3.25), we obtain the partition function associated to the [E7]1 web diagram
Z [E7]1 =
Z
[E7]1
top
Z
[E7]1
dec
= Z
[E7]1
pert · Z [E7]1inst (3.26)
Z
[E7]1
pert =
(∏
a=1,5,6H(e
±α1−ma)
)
H(e±α1+m3)
(∏
a=2,4H(e
−α1±ma)
)
H (e−2α1)2
,
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Z
[E7]1
inst = H
(
ue−
1
2
(m1+m2+m3+m4−m5−m6)
)
H
(
ue−
1
2
(m1−m2+m3+m4+m5−m6)
)
H
(
ue−
1
2
(m1+m2+m3−m4−m5+m6)
)
H
(
ue−
1
2
(m1−m2+m3−m4−m5−m6)
)
H
(
ue
1
2
(m1+m2+m3+m4+m5+m6)
)
H
(
ue
1
2
(m1−m2+m3+m4−m5+m6)
)
H
(
ue
1
2
(m1+m2+m3−m4+m5−m6)
)
H
(
ue
1
2
(m1−m2+m3−m4−m5−m6)
)
H
(
e−(m5±m2)
)
H
(
e−(m6±m4)
)
H(e±α1−m5)H(e±α1−m6)
∑
ν1,ν2,ν3,ν4
u|ν1|+|ν2|e−(|ν3|−
1
2
(|ν1|+|ν2|))m5e−(|ν4|−
1
2
(|ν1|+|ν2|))m6
2∏
i=1
∏
s∈νi
(∏
a=1,3 2 sinh
Ei0−ma
2
)
2 sinh Ei3−m22 2 sinh
Ei4−m4
2∏2
j=1
(
2 sinh
Eij
2
)2
∏
s∈ν3
∏2
i=1 2 sinh
E3i+m2
2(
2 sinh E332
)2 ∏
s∈ν4
∏2
i=1 2 sinh
E4i+m4
2(
2 sinh E442
)2 ,
The instanton part Z
[E7]1
inst of the partition function starts from 1 at order O(u0) due to the
identity (3.12). The expression (3.26) exactly agrees with the partition function of the rank
1 E7 theory obtained in [21]. The computation presented here is simplified compared to the
computation in [21] in two respects. First, the partition function has four Young diagram
summations from the first whereas the partition function of the UV T4 theory has six Young
diagram summations which reduces to the four Young diagram summations after the Higgsing.
Second, we do not need to eliminate the decoupled factor in two steps where we first eliminate
the decoupled factor of the UV diagram and then eliminate the singlet hypermultiplet in the
Higgsed vacuum. In this formalism, we just remove the decoupled factor associated to the IR
diagram of Figure 15.
The partition function associated to the [E7]2 web diagram is simply given by the same
function as (3.26) with the Coulomb branch moduli exchanged
Z [E7]2 [α2, {m1,2,3,4,5,6}, u] = Z [E7]1 [α2, {m1,2,3,4,5,6}, u]. (3.27)
After obtaining the partition function associated to the [E7]1 diagram, it is easy to obtain
the partition function of the rank 2 E7 theory realised by the web diagram in Figure 14 due
to the product relation (3.20),
Zrk2 E7 = Z [E7]1 [α1, {m1,2,3,4,5,6}, u] · Z [E7]1 [α2, {m1,2,3,4,5,6}, u]. (3.28)
The perturbative part of the partition function (3.28) is
Zrk2 E7pert =
(∏
a=1,5,6H(e
±α1−ma)
)
H(e±α1+m3)
(∏
a=2,4H(e
−α1±ma)
)
H (e−2α1)2(∏
a=1,5,6H(e
±α2−ma)
)
H(e±α2+m3)
(∏
a=2,4H(e
−α2±ma)
)
H (e−2α2)2
.
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Figure 16. The web diagram for the rank 2 E8 theory.
By the comparison with (C.32). this is precisely the perturbative contribution from six fun-
damental hypermultiplets with mass m1,2,3,4,5,6, one massless anti-symmetric hypermultiplet,
and Sp(2) vector multiplet.
Also the 1-instanton part of the partition function from the [E7]1 web diagram should be
the 1-instanton contribution of the Sp(1) gauge theory with six flavours since (3.26) agrees
with the partition function of the rank 1 E7 theory. Therefore, its contribution is written by
(C.22) with + = 0, − =  and m = 0. Hence the 1-instanton part of Zrk2 E7inst is given by the
sum of the 1-instanton part of the partition function from the [E7]1 diagram and that from
the [E7]2 diagram,
Zrk2 E71-inst =
1
2
2∑
i=1
{ ∏6
a=1 2 sinh
ma
2
2 sinh ±2 2 sinh
±αi
2
+
∏6
a=1 2 cosh
ma
2
2 sinh ±2 2 cosh
±αi
2
}
. (3.29)
This result completely agrees with the field theory computation of the 1-instanton part (C.23)
of the partition function of the Sp(2) gauge theory with six fundamental hypermultiplets and
one massless anti-symmetric hypermultiplet by setting N = 2, − = .
Moreover we have checked agreement of the partition function of the rank 2 E7 theory
with the partition function of a Sp(2) theory with 6 flavours and one massless anti-symmetric
hypermultiplet at 2-instanton in the special limit where one of the masses of the fundamental
hypermultiplets is set to zero15.
3.3 Rank 2 E8 theory
The last example we would like to discuss is the rank 2 E8 which can be realised by the web
diagram in Figure 16. In this case the UV theory is the T12 theory and in order to realise rank
2 E8 theory it is necessary to go into the Higgs branch to have the original three full punctures
15Again, the reason why we set one mass to zero is the technical issue.
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Figure 17. The web diagram for the rank 1 E8 theory.
reduced to [6, 6], [4, 4, 4] and [2, 2, 2, 2, 2, 2] In this situation the flavour symmetry of the theory
is SU(2) × SU(3) × SU(6) which can be embedded in E8. It is possible to generalise this
construction to realise rank N E8 theory by going into the Higgs branch of T6N theory and
reducing the original three full punctures to [3N, 3N ], [2N, 2N, 2N ] and [N,N,N,N,N,N ].
We will show by computing explicitly its topological string partition function that rank 2 E8
theory for a specific choice of parameters (to be discussed later) is an Sp(2) gauge theory
with 7 fundamental hypermultiplets and one massless antisymmetric hypermultiplet. This
leads us to conjecture that the same happens for rank N E8 theory, namely that for some
specific choice of parameters rank N E8 theory is a Sp(N) gauge theory with 7 fundamental
hypermultiplets and one massless antisymmetric hypermultiplet.
Like in the previous examples discussed in this section it is possible to see that the
diagram of rank 2 E8 theory is made of two copies of a E8 theory whose diagram is displayed
in Figure 17. We shall call [E8]1 the external copy of the rank 1 E8 diagram and [E8]2 the
internal copy. The fact that the diagram of the rank 2 E8 theory is made of two copies of
a rank 1 E8 diagram implies that the topological string partition function has the following
structure
Zrk2E8top = Z
[E8]1
top [P1] · Z [E8]2top [P2] (3.30)
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where Z
[E8]i
top [Pi] is the topological string partition function of the rank 1 E8 theory with the
set of parameters and moduli [Pi]. Note however that, like in the previous examples, the
two set of parameters [P1] and [P2] are not independent but there are some simple relations
between the two (which we will discuss later) implied by the structure of the web diagram.
Moreover the particular structure of the web diagram of the rank 2 E8 theory implies that
also the decoupled factor of the theory has a product structure
Zrk2 E8dec = Z
[E8]1
dec [P1] · Z [E8]2dec [P2] , (3.31)
where Z
[E8]i
dec [Pi] is the decoupled factor of a single rank 1 E8 theory with parameters [Pi].
Summing up we find that the partition function of the rank 2 E8 theory is
Zrk2 E8 =
Zrk2 E8top
Zrk2 E8dec
=
Z
[E8]1
top [P1]
Z
[E8]1
dec [P1]
· Z
[E8]2
top [P2]
Z
[E8]2
dec [P2]
. (3.32)
Because of this particular structure we will focus on the computation of the partition function
of a single rank 1 E8 theory and then reconstruct the full rank 2 E8 theory partition function
by multiplying two copies of such partition function with a different set of parameters.
In the following we will choose the parameters of the web diagram of the rank 2 E8 theory
so that the centres of mass of the two closed faces present in the diagram coincide: as we
will show later with this particular choice the partition function of the rank 2 E8 theory for
a specific choice of parameters coincides with the partition function of a Sp(2) gauge theory
with 7 fundamental hypermultiplets and a massless antisymmetric hypermultiplet. This also
implies that the parameters defining the [E8]2 diagram can be obtained by the parameters of
the [E8]1 diagram by simply replacing the Coulomb branch modulus α1 with the Coulomb
branch modulus α2. Because of this we will simply give the parametrisation for the [E8]1
diagram which was determined in [28]
Q1 = e
α1−m1 , Q2 = e−α1+m2 , Q3 = eα1+m3 , Q4 = eα1+m4 ,
Q5e
α1+m5 , Q6 = e
α1−m7 , Q7 = e−α1+m6 , Qb = u e−α1+f(m) ,
(3.33)
where for sake of simplicity we defined f(m) = 12(m1−m2−m3−m4−m5−m6 +m7). In this
parametrisation u will be identified with the instanton fugacity of the Sp(2) gauge theory.
We now will discuss the computation of the partition function of the rank 1 E8 theory
which will be the first step for the computation of the partition function of the rank 2 E8
theory. The topological string partition function for the [E8]1 diagram can be computed using
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the rules described in section 2 it is given by the following expression
Z
[E8]1
top =
∑
λi,νi,µi
(−Q1)|µ1|(−QfQ−12 )|µ2|(−Q4QfQ1)|µ3|(−Q1Q2)|µ4|(−Q7)|µ5|(−Q5)|µ6|
(−Q2)|λ1|(−Q4)|λ2|(−Q˜bQ5)|λ3|(−QfQ4Q−12 Q˜bQ5)|λ4|(−QfQ−17 )|λ5|(−Q˜bQ4)|λ6|
(−Qb)|ν1|(−Q˜b)|ν2|(−Q3)|ν3|(−Q3QfQ−12 )|ν4|(−Q6)|ν5|(−Q6QfQ−17 )|ν6|
C∅µ3∅(q)Cλ3µt3ν4(q)Cλt3∅∅(q)C∅µ4∅(q)Cλ4µt4ν3(q)Cλt4∅∅(q)C∅µ1∅(q)Cλ1µt1ν1(q)Cλt1µ2νt3(q)
Cλ2µt2ν2(q)Cλt2∅νt4(q)C∅µ5νt1(q)Cλ5µt5ν5(q)Cλt5µ6ν52 (q)Cλ6µt6ν6(q)Cλt6∅∅(q)C∅∅νt5(q)C∅∅νt6(q) .
(3.34)
This expression can be greatly simplified using the rules described in appendix A.1 and the
result is the following
Z
[E8]1
top = Z
[E8]1
0 · Z [E8]11 · Z [E8]1= , (3.35)
Z
[E8]1
0 =
H(e±α1−m1)H(e−α1±m2)H(e±α1+m4)H(e±α1+m5)H(e−α1±m6)
H(e−2α1)2H(em4−m2)H(em5−m6)
H(u em2+m5+m6+f(m))H(u em2+m4+m6+f(m))
∏
k=2,6H(u e
mk+m4+m5+f(m))
H(u e±α1+m2+m4+m5+m6+f(m))
(3.36)
Z
[E8]1
1 =
∑
νi
(
u e2m3+f(m)+m2+m5+m6
) |ν3|+|ν4|
2
(
u e−2m7+f(m)+m2+m4+m6
) |ν5|+|ν6|
2
(
u ef(m)−m1
) |ν1|+|ν2|
2
Zˆ(ν3, ν4)Zˆ(ν5, ν6)
∏
i=1,2
∏
s∈νi
∏
k=1,2,4,5,6 2 sinh
Ei∅−mk
2
2 sinh Ei∅+f(m)−m2−m4−m5−m6+log u2
∏
j=1,2
(
2 sinh
Eij
2
)2
(3.37)
Z [E8]1= = H(u e
m2+m4+m5+m6−m1+f(m))−2 , (3.38)
where β1 = −β2 = α1 and moreover we defined
Zˆ(νi, νj) =
∏
s∈νi
2 sinh
Ei∅−m˜ij1
2 2 sinh
Ei2−m˜ij2
2 2 sinh
Ei3−m˜ij3
2(
2 sinh Eii2
)2
2 sinh
Eij
2∏
s∈νj
e
βi−βj
2
2 sinh
Ej∅−m˜ij1
2 2 sinh
Ej2−m˜ij2
2 2 sinh
Ej3−m˜ij3
2(
2 sinh
Ejj
2
)2
2 sinh
Eji
2
,
(3.39)
with
β3 = −β4 = 1
2
(m2 −m4) , β5 = −β6 = 1
2
(m7 −m5) ,
m˜341 = log u+m5 +m6 +
1
2
(m2 +m4) + f(m) , m˜
34
2 = m˜
34
3 = −
1
2
(m2 +m4) ,
m˜561 = log u+m2 +m4 +
1
2
(m5 +m6) + f(m) , m˜
34
2 = m˜
34
3 = −
1
2
(m5 +m6) .
(3.40)
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It is also important to correctly take into account the decoupled factors which can be
computed from the web diagram using the rule described in section 2.4
Z
[E8]1
dec = Z
[E8]1
dec,= · Z [E8]1dec,|| · Z
[E8]1
dec,// (3.41)
Z
[E8]1
dec,= = H(u e
m2+m4+m5+m6−m1+f(m))−2H(u em2+m4+m5+m6+f(m)−m1)−1 , (3.42)
Z
[E8]1
dec,// =H(e
m2+m3)−1H(u ef(m)−m1)−1H(em6−m7)−1H(u em2+m3+f(m)−m1)−1
H(u em2+m3+m6+f(m)−m1−m7)−1H(u em6+f(m)−m1−m7)−1H(em5−m6)−1
H(em5−m7)−1H(u em5+f(m)−m1−m7)−1H(u em2+m3+m5+f(m)−m1−m7)−1
H(u em3+m4+m5+f(m)−m1−m7)−1H(u em3+m4+f(m)−m1)−1
H(u em3+m4+m6+f(m)−m1−m7)−1H(em3+m4)−1H(em4−m2)−1 ,
(3.43)
Z
[E8]1
dec,|| = H(u e
m3+m5+m6+f(m))−2H(u em2+m4+f(m)−m7)−2H(u2 em2+m3+m4+m5+m6+f(m)−m7)−2
(3.44)
Note that, in the formalism in section 2, we can simply take into account the decoupled factors
from the Higgsed diagram without considering the singlet hypermultiplet contribution in the
Higgsed vacuum. This is one of the advantage of the prescription of using the topological
vertex rule for Higgsed diagrams instead of UV diagrams.
By combining the topological string partition function (3.35) with the decoupled factor
(3.41), we obtain the partition function associated to the [E8]1 web diagram
Z [E8]1 =
Z
[E8]1
top
Z
[E8]1
dec
= Z
[E8]1
pert Z
[E8]1
inst (3.45)
Z
[E8]1
pert =
(∏
a=2,6H(e
−α1±ma)
)(∏
a=3,4,5H(e
±α1+ma)
)(∏
a=1,7H(e
±α1−ma)
)
H(e−2α1)2
(3.46)
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Z
[E8]1
inst =
H(u em2+m5+m6+f(m))H(u em2+m4+m6+f(m))
∏
k=2,6H(u e
mk+m4+m5+f(m))
H(e±α1+m3)H(e±α1−m7)H(u e±α1+m2+m4+m5+m6+f(m))
H(u em2+m4+m5+m6+f(m)−m1)H(em6−m7)H(u em2+m3+f(m)−m1)
H(u em2+m3+m6+f(m)−m1−m7)H(u em6+f(m)−m1−m7)H(em5−m7)
H(u em5+f(m)−m1−m7)H(u em2+m3+m5+f(m)−m1−m7)H(u ef(m)−m1)
H(u em3+m4+m5+f(m)−m1−m7)H(u em3+m4+f(m)−m1)H(em2+m3)
H(u em3+m4+m6+f(m)−m1−m7)H(em3+m4)H(u em3+m5+m6+f(m))2
H(u em2+m4+f(m)−m7)2H(u2 em2+m3+m4+m5+m6+f(m)−m7)2∑
νi
(
u e2m3+f(m)+m2+m5+m6
) |ν3|+|ν4|
2
(
u e−2m7+f(m)+m2+m4+m6
) |ν5|+|ν6|
2
(
u ef(m)−m1
) |ν1|+|ν2|
2
Zˆ(ν3, ν4)Zˆ(ν5, ν6)
∏
i=1,2
∏
s∈νi
∏
k=1,2,4,5,6 2 sinh
Ei∅+mk
2
2 sinh Ei∅+f(m)−m2−m4−m5−m6+log u2
∏
j=1,2
(
2 sinh
Eij
2
)2 .
(3.47)
The instanton part Z
[E8]1
inst is appropriately chosen to be 1 at order O(u0). Note that (3.45)
exactly agrees with the partition function of the rank 1 E8 theory which was computed in
[28].
After obtaining the partition function of the rank 1 E8 theory it is straightforward to
obtain the partition function of the rank 2 E8 theory for this is simply given by the product
Zrk2 E8 = Z [E8]1 [α1, {m1,2,3,4,5,6,7}, u] · Z [E8]1 [α2, {m1,2,3,4,5,6,7}, u] . (3.48)
It follows that the perturbative part is
Zrk2E8pert =
(∏
a=2,6H(e
−α1±ma)
)(∏
a=3,4,5H(e
±α1+ma)
)(∏
a=1,7H(e
±α1−ma)
)
H(e−2α1)2(∏
a=2,6H(e
−α2±ma)
)(∏
a=3,4,5H(e
±α2+ma)
)(∏
a=1,7H(e
±α2−ma)
)
H(e−2α2)2
.
(3.49)
By comparing this result with (C.32), one can see that this is exactly the perturbative con-
tribution from seven fundamental hypermultiplets with masses given by m1,2,3,4,5,6,7, one
massless antisymmetric hypermultiplet and the Sp(2) vector multiplet. Like in the previous
examples discussed in this section we see that the contribution of the anti-symmetric hyper-
multiplet does not appear in (3.49) because it is cancelled by some factors in the Sp(2) vector
multiplet contribution.
It is also possible to compute the instanton contributions to the partition function of the
rank 2 E8 theory. At 1-instanton level the result is particularly simple because it is simply
the sum of the 1-instanton part of the [E8]1 diagram and the 1-instanton part of the [E8]2
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diagram. The 1-instanton part of each diagram agrees with the expression (C.22) of the
partition function of an Sp(1) gauge theory with Nf = 7 fundamental flavours
Zrk2 E81-inst =
1
2
2∑
i=1
{ ∏7
a=1 2 sinh
ma
2
2 sinh ±2 2 sinh
±αi
2
+
∏7
a=1 2 cosh
ma
2
2 sinh ±2 2 cosh
±αi
2
}
, (3.50)
which agrees with the expression (C.23) of the 1-instanton part of Sp(2) with seven funda-
mental hypermultiplets and one massless antisymmetric hypermultiplets computed on the
field theory side.
Moreover we have checked agreement of the partition function of the rank 2 E8 theory
with the partition function of a Sp(2) theory with 7 flavours and one massless anti-symmetric
hypermultiplet at 2-instanton in the special limit where one of the masses of the fundamental
hypermultiplets is set to zero16.
3.4 Rank N E6,7,8 theories
The generalisation to the partition functions of the rank N E6, E7, E8 theories is straight-
forward. The web diagrams of the rank N E6,7,8 theories are simply the superposition of
N copies of the web diagram of the rank 1 E6,7,8 theories respectively [3]. Therefore, the
topological vertex formalism on the rank N E6,7,8 diagrams shows that it can be written by
the product
Z
rkNENf+1 =
N∏
i=1
Z
[ENf+1]i
top [Pi]
Z
[ENf+1]i
dec [Pi]
, (3.51)
where Z
[ENf+1]i
top [Pi] and Z
[ENf+1]i
dec [Pi] represent the topological string partition function and
the decoupled factor computed from the i-th copy of the web diagram of the rank N ENf+1
theory. In this subsection, Nf always mean eitherNf = 5, 6, or 7. We also consider special web
diagrams such that the centres of mass of all the closed faces in the diagram coincide with each
other. In this particular situation the web diagram realises an Sp(N) gauge theory with Nf
fundamental hypermultiplets and with a massless anti-symmetric hypermultiplet. Moreover,
we essentially choose the same parameterisation as (3.5), (3.21) and (3.33) for the first copy of
the web diagram of the rank N E6, E7, E8 theories respectively, The parameterisation of the
i-th copy is simply obtained by exchanging α1 with αi. The product (3.51) is more precisely
given by
Z
rkN ENf+1 =
N∏
i=1
Z
[ENf+1]i
top [αi, {m1,··· ,Nf }, u]
Z
[ENf+1]i
dec [{m1,··· ,Nf }, u]
, (3.52)
where each factor Z
[ENf+1]i
top [αi, {m1,··· ,Nf }, u]/Z
[ENf+1]i
dec [{m1,··· ,Nf }, u] for Nf = 5, 6, 7 is es-
sentially given by (3.11), (3.26) and (3.45) respectively with α1 exchanged with αi.
16Again, the reason why we set one mass to zero is the technical issue.
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One can easily see that (3.52) correctly realises the perturbative part and the 1-instanton
part of the partition function of the Sp(N) gauge theory with Nf fundamental hypermultiplets
and one massless anti-symmetric hypermultiplet. The perturbative part of (3.52) is given by
Z
rkN ENf+1
pert =
N∏
i=1
Z
[ENf+1]i
pert [αi, {m1,··· ,Nf+1}]. (3.53)
This indeed agrees with the perturbative partition function (C.32) of the Sp(N) gauge theory
with Nf flavours and a massless anti-symmetric hypermultiplet.
Also, the 1-instanton part of (3.52) is given by
Z
rkN ENf+1
1-inst =
N∑
i=1
Z
[ENf+1]i
inst [αi, {m1,··· ,Nf }, u]|O(u) (3.54)
Since the 1-instanton part of the partition function Z
[ENf+1]i
inst reproduces the 1-instanton part
of the partition function of the Sp(1) gauge theory with Nf flavours and a massless anti-
symmetric hypermultiplet with the Coulomb branch modulus αi, (3.54) precisely agrees with
(C.23).
We have seen that the partition function of the Sp(N) gauge theory with Nf fundamen-
tal hypermultiplets and a massless anti-symmetric hypermultiplet always shows the product
structure. A physical reason why the factorisation happens may be that we are studying an
IR theory in a Higgs branch of the Sp(N) gauge theory with a non-vanishing vev for a “0”
weight of the anti-symmetric hypermultiplet17. When it acquires a vev along the “0” weight
of the anti-symmetric representation of Sp(N), then the Cartan parts remain massless but
some (but not all) of the root components of the adjoint representation of the Sp(N) vector
multiplet become massive. In fact the Sp(N) gauge group is broken to Sp(1)N by the vev.
The factorisation of the partition function of the Sp(N) gauge theories with massless
anti–symmetric hypermultiplet is consistent with the fact that the Seiberg–Witten curves of
the theories also factorise [43, 44]. Although the product structure of the Seiberg–Witten
curves imply that the prepotential is written by the sum of N copies of Sp(1) prepotential,
our analysis shows that the full Nekrasov partition function itself also factorises.
4 Towards refined topological vertex for Higgsed 5d TN theories
In this section, we extend the analysis in section 2 to the refined topological vertex for Higgsed
5d TN theories. In some special cases, we can derive new refined topological vertex that can
be directly applied to Higgsed web diagrams. In all the computation of the refined topological
string partition function, we will choose the horizontal directions as the preferred directions.
17The anti-symmetric hypermultiplet can acquire a non-vanishing vev because it is massless.
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µ2
ν
λ2
∅
∅
Figure 18. Higgsing of parallel horizontal legs in a TN diagram. The orange dots indicate the curves
that are shrunk to zero length and the double lines the preferred directions.
4.1 Refined topological vertex, external horizontal legs
We will start by considering the case in which the external legs that we put on top of each
other are horizontal. We show in Figure 18 the diagram we consider. The local part of
the topological string partition function can be easily computed using the refined topological
vertex and the result is
Z =
∑
µ1,µ2
(
−
(q
t
) 1
2
)|µ1|+|µ2|
Cλ1µ1∅(q, t)Cµ2µt1ν(t, q)Cµt2λ2∅(q, t) . (4.1)
Here we used the tuning condition (2.1). It is possible to perform also in this case the Young
diagrams summations over µ1 and µ2 arriving at the following expression
Z =
∑
ηi,ξi
(−1)|ξ1|+|ξ2|
(q
t
) |λ1|−|λ2|−|ξ1|−|ξ2|
2
q−
||λt2||2+||ν||2
2 t
||λ2||2
2 Z˜ν(t, q)
sλt1/η1(q
−ρ)sλ2/η3(t
−ρ)sηt1/ξ1(q
−ρt−ν
t
)sηt2/ξt1(t
−ρ)sηt2/ξ2(q
−ρ)sηt3/ξt2(t
−ρq−ν)
∞∏
i,j=1
(1− qitj−1−νti )(1− qi−νj tj−1)
(1− qi+1tj−2) .
(4.2)
In this case looking at the infinite product factor we see that the result will be zero unless
ν = ∅, and so in the following we will focus in this case. In this situation using (B.8) it is
possible to perform some additional simplifications and arrive at the following simple result
Z = q−
||λt2||2
2 t
||λ2||2
2
(q
t
)|λ1|+|λ2|∑
κ
(
t
q
) 3|κ|+|λ1|−|λ2|
2
sλt1/κ(q
−ρ)sλ2/κ(t
−ρ)
∞∏
i,j=1
(1− qitj−1)2
(1− qi+1tj−2) .
(4.3)
– 39 –
λ1
µ1
µ2
ν1 λ2
∅
∅
Figure 19. Higgsing of parallel vertical legs in a TN diagram. The orange dots indicate the curves
that are shrunk to zero length and the double lines the preferred directions.
Motivated by the form of the result we will define the new vertex
C˜λµν(q, t) = q
− ||µt||2
2 t
||µ||2+||ν||2
2 Z˜ν(q, t)
∑
η
(
t
q
) 3|η|+|λ|−|µ|
2
sλt/η(q
−ρt−ν)sµ/η(t−ρq−ν
t
) (4.4)
which allows us to rewrite (4.3) as
Z˜ =
(q
t
)|λ1|+|λ2|
C˜λ1λ2∅(q, t) , (4.5)
where we also dropped the infinite product terms which only contribute to the decoupled
factor. Therefore we see that in the case of putting a pair of parallel horizontal external
legs on top of each other we can use the new refined topological vertex (4.5) to compute the
partition function for a Higgsed diagram.
4.2 Refined topological vertex, external vertical and diagonal legs
We then consider a Higgs branch realised by a tuning that places parallel external NS5-branes
on top of each other. Since the refined topological vertex is not symmetric under the exchange
between the three Young diagrams, one needs to work on this case separately.
The corresponding local diagram is depicted in Figure 19. The refined topological string
partition function for the local diagram is
Z(λ1, ν1, λ2) =
∑
µ1,µ2
(
−
(
t
q
) 1
2
)|µ1|+|µ2|
Cµ1∅λ1(q, t)Cµt1ν1µ2(t, q)Cλ2∅µt2(q, t). (4.6)
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Here we used the tuning condition (2.2). It is possible to sum over the Young diagram of µ1
in (4.6),
Z(λ1, ν1, λ2) =
∑
µ2,η
(
−
(
t
q
) 1
2
)|µ2|
q
1
2
(||ν1||2+||µ2||2)t
1
2
(||λ1||−||νt1||2+||µt2||2)Z˜λ1(q, t)Z˜µ2(t, q)Z˜µt2(q, t)
sν1/η(t
−µt2+ 12 q−ρ−
1
2 )sλt2(t
−µt2+ 12 q−ρ−
1
2 )sηt(−t−λ1+
1
2 q−ρ−
1
2 )
∞∏
i,j=1
(
1− qi−µ2,j−1tj−λ1,i
)
. (4.7)
The last term of (4.7) indicates that the µ2 summation of (4.7) is bounded by the Young
diagram λ1. More precisely, (4.7) is zero unless λ1,i ≤ µt2,i for each i. In the µ2 summation,
we can proceed further for a special case where µ2 = λ
t
1. When µ2 = λ
t
1, (4.7) further reduces
to
Z(λ1, ∅, λ2)|µ2=λt1 =
(
t
q
)|λ|
Cλ2∅λ1(q, t)
∞∏
i,j=1
(
1− qi−1tj) , (4.8)
where |µ2=λt1 indicates extracting the term of µ2 = λt1 in the µ2 summation. In this case, ν1
is restricted to ∅.
For general Young diagrams of ν1, λ2, it is difficult to get an analytic expression after
performing the summations of µ2 and η. However, we can still perform the summation in a
special case where ν1 = ∅, λ2 = ∅. In fact in this particular situation we find that∑
µ2
(−Q)|µ2|q 12 ||µ2||2t 12 ||µt2||2Z˜µ2(t, q)Z˜µt2(q, t)
∏∞
i,j=1
(
1− qi−µ2,j−1tj−λ1,i)∑
µ2
(−Q)|µ2|q 12 ||µ2||2t 12 ||µt2||2Z˜µ2(t, q)Z˜µt2(q, t)
∏∞
i,j=1
(
1− qi−µ2,j−1tj) =
(
t
q
) |λ1|
2
Q|λ1|.
(4.9)
This identity has been checked order by order in Q up to |µ2| = 4. The denominator of the
left-hand side of (4.9) can be evaluated exactly,∑
µ2
(−Q)|µ2|q 12 ||µ2||2t 12 ||µt2||2Z˜µ2(t, q)Z˜µt2(q, t)
∞∏
i,j=1
(
1− qi−µ2,j−1tj)
=
∞∏
i,j=1
(
1−Q
(
t
q
) 1
2
qi−1tj
)(
1−
(
t
q
) 1
2
qi−
1
2 tj−
1
2
)(
1−Qqi− 12 tj− 12
)
. (4.10)
By using (4.7), (4.9) and (4.10), we obtain
Z(λ1, ∅, ∅) =
(
t
q
)|λ1|
C∅∅λ1(q, t)
∞∏
i,j=1
(1− qi−1tj)2
(1− qi−2tj+1) . (4.11)
The three factors at the end of (4.11) may be a part of the decoupled factor. Hence, we can
use a different new refined topological vertex
Z˜(λ1, ∅, ∅) =
(
t
q
)|λ1|
C∅∅λ1(q, t), (4.12)
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Figure 20. Higgsing of parallel diagonal legs in a TN diagram. The orange dots indicate the curves
that are shrunk to zero length and the double lines the preferred directions.
when ν1 = λ2 = ∅ in Figure 19.
Note that (4.11) is obtained by setting λ2 = ∅ in (4.7) up to decoupled factors. This is
not a coincidence. Since the numerator of (4.9) starts from O(Q|λ1|), the coefficient at this
order is dictated by the Young diagram µ2 = λ
t
1. Therefore, (4.11) agrees with (4.7) when
λ2 = ∅ up to the decoupled factor.
It is also possible to consider a Higgs branch realised by placing external (1,1)-branes
on top of each other. The diagram is shown in Figure 20. In this case the local part of the
partition function is
Z(λ1, ν1, λ2) =
∑
µ1,µ2
(
−
(q
t
) 1
2
)|µ1|+|µ2|
C∅µ1λ1(q, t)Cν1µt1µ2(t, q)C∅λ2µt2(q, t) , (4.13)
where we have used the tuning condition (2.1). It is possible to perform the µ1 summation
in (4.13) and the result is
Z(λ1, ν1, λ2) =
∑
µ2,η
(
−
(q
t
) 1
2
)|µ2|
t
1
2
(||λ2||2+||µt2||2+||λ1||2)q
1
2
(||µ2||2−||λt2||2)Z˜λ1(q, t)Z˜µ2(t, q)Z˜µt2(q, t)
sν1/η(t
−ρ− 1
2 q−µ2+
1
2 )sλ2(t
−ρ+ 1
2 q−µ
t
2− 12 )sηt(q−λ
t
1+
1
2 t−ρ−
1
2 )
∞∏
i,j=1
(1− ti−µt2,j−1qj−λt1,i) .
(4.14)
Note that like in the previous case there is a bound on the µ2 summation which in this case
is λ1,i ≤ µ2,i. Again it is difficult to obtain an analytic expression after performing the µ2
and η summations for general λ2 and ν1, however in the special case λ2 = ν1 = ∅ there are
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some great simplifications. In particular we find that∑
µ2
(−Q)|µ2|t 12 ||µt2||2q 12 ||µ2||2Z˜µ2(t, q)Z˜µt2(q, t)
∏∞
i,j=1(1− ti−µ
t
2,j−1qj−λ
t
1,i)∑
µ2
(−Q)|µ2|t 12 ||µt2||2q 12 ||µ2||2Z˜µ2(t, q)Z˜µt2(q, t)
∏∞
i,j=1(1− ti−µ
t
2,j−1qj)
=
(q
t
) |λ1|
2
Q|λ1| .
(4.15)
Therefore like in the case of placing parallel vertical legs on top of each other we find that,
up to some decoupled factors, it is possible to write the local contribution to the partition
function using a new vertex
Z˜(λ1, ∅, ∅) =
(q
t
)|λ1|
C∅∅λ1(q, t) . (4.16)
5 Conclusion and discussion
In this paper we have developed a computational method that allows to apply the topological
vertex directly to a general Higgsed TN web diagram which is not dual to a toric geometry.
By carefully dealing with the Higgsing prescription in a local part of a strip diagram, the
topological string partition function of this strip diagram with non-trivial representations on
all the external leg can be replaced by the standard topological vertex with a specific relation
between the representations, a fact that nicely fits with the intuition from the Higgsed web
diagram. We also argued that we can simply remove the decoupled factors directly read off
from the Higgsed web diagram to reproduce the partition function of the IR theory in the
Higgs vacuum without removing singlet hypermultiplets in the vacuum. Summing up, we can
simply apply the method of the standard topological vertex as well as the decoupled factor
to a Higgsed TN diagram although it does not corresponds to a toric geometry in the dual
picture.
Let us highlight the advantages of our method compared to the known prescription in
[21, 28]. Since we directly apply the topological vertex to a Higgsed diagram the computation
of the topological string partition function is greatly simplified compared to the computation
of the topological string partition function for its UV theory. In particular the number of
Young diagram summations is reduced compared to the UV computation. From the viewpoint
of the UV partition function it is necessary to see the trivialisation of the Young diagram
summations by carefully looking at the tuning conditions in the partition function. However
this process is automatic when we make use of our method. Moreover, in the previous
prescription it was necessary to remove the contributions of singlet hypermultiplets in the
Higgs vacuum which are completely absent using our method. The only contribution which
we need to remove is the decoupled factor which can be easily read off from the Higgsed
diagram. Therefore with our method it is possible to skip two of the steps of the previous
method giving therefore a great simplification.
In order to exemplify our method we have explicitly computed the partition function of
the rank 2 E6,7,8 theories directly from their Higgsed diagrams. Although the diagrams are
quite complicated, our method greatly simplifies the calculation and moreover, by directly
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applying the topological vertex to the Higgsed web diagram, it is clear that the partition
function of the special higher rank ENf+1 theories with a massless hypermultiplet has the
product structure. We have also found the complete agreement with their field theory results.
Finally, we extended our method to some special cases of the refined topological vertex.
When we consider putting parallel external D5-branes together, it is possible to reduce the
refined topological string partition function on the corresponding strip diagram to a function
associated to a trivalent vertex. The function is similar to the refined topological vertex
but it is slightly different. Therefore, we defined the new refined topological vertex, and it
can be used to compute the partition function associated to the Higgsing which arises from
coincident D5-branes.
We can proceed in the refined topological vertex for the case of coincident NS5-branes. In
this case, we can successfully sum up the Young diagrams for a very special case where all but
one Young diagrams are trivial on the external legs. Even this special case leads to another
new refined topological vertex. It would be very interesting to generalise the computation
by allowing more general Young diagrams on the external legs. In the special case, it was
important to note that the expression (4.9) gives only one term. When one generalises it with
a non-trivial ν1 or λ2 (but either of them is trivial), it gives more terms but still we observed
that the series expansion Q terminate at finite order. More specifically, it starts from O(Q|λ1|)
and ends at O(Q|λ1|+|ν1|−|η|) or O(Q|λ1|+|λ2|) respectively. It is interesting to understand the
essential reason why this termination occurs, and also find any analytic expression for their
coefficients. So far, the termination occurs with general Q in (4.9). It would be interesting
to see if setting Q =
(
t
q
) 1
2
could simplify the computation.
In this paper, we have focused on the standard Higgsing with a vev which is constant
over the spacetime. In fact, one can consider different Higgsing with a position–dependent
vev. The position–dependent vev triggers an RG flow and the low energy theory may contain
a surface defect [37]. In [45], the tuning condition corresponding to the different Higgsing was
used to compute the five-dimensional superconformal index of theories with surface defects.
It would be interesting to extend our analysis so that it can be applied to the cases with
surface defects.
Finally, there has recently been a lot of progress in computing the elliptic genera of strings
in six-dimensional superconformal field theories [46–53] and also the elliptic genera of strings
in five-dimensional superconformal field theories [54, 55]. It would be interesting to see if our
prescription can be applied to such computation.
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A Partition function from the refined topological vertex
We summarise the rules of the refined topological vertex and also the decoupled factor to set
the convention used in this paper.
A.1 Refined topological vertex
The topological string partition function can be defined as an exponential of a generating
function of the Gromov–Witten invariants of a Calabi–Yau threefold X,
Ztop = exp
 ∞∑
g=0
Fgg2g−2s
 , (A.1)
where gs is the topological string coupling and Fg is the genus g topological string amplitude
Fg =
∑
C∈H2(X,Z)
NgC QC . (A.2)
QC is defined by QC := e
− ∫C J where J is the Ka¨hler form of X , and NgC is the genus g
Gromov–Witten invariant. Although it is difficult to compute the higher genus topological
string amplitudes directly, the M-theory interpretation of the topological string amplitude
enables us to write down the all genus answer [56, 57], Moreover, if the Calabi–Yau threefold
is toric, the refined topological vertex [19, 20] can compute the refined version of the all genus
topological string partition function up to constant map contributions in a diagrammatic way.
We call such a partition function the refined topological string partition function.
In order to apply the refined topological vertex to a toric Calabi–Yau threefold, we first
choose the preferred direction in the toric diagram. In this paper, we choose the horizontal
direction as the preferred direction unless stated. For other lines, we assign two parameters t
and q. At each trivalent vertex, one leg is in the preferred direction, t is assigned to another
leg, and q is assigned to the other leg. For each internal line we assign a Young diagram with
an orientation and for each external leg we assign a trivial diagram.
We then assign the refined topological vertex for each trivalent vertex shown in Figure
21
Cλµν(t, q) := t
− ||µt||2
2 q
||µ||2+||ν||2
2 Z˜ν(t, q)
∑
η
(q
t
) |η|+|λ|−|µ|
2
sλt/η
(
t−ρq−ν
)
sµ/η
(
t−ν
t
q−ρ
)
,
(A.3)
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qt
µ
λ ν
Cλµν(t, q)
Figure 21. A trivalent vertex with a particular assignment of Young diagrams, the preferred direction
and t, q. || represents an line in the preferred direction.
q
t t
q
q
q
t
tν
ν
v2
v1
v1
v2
Figure 22. Two examples of a propagator connecting two vertices. The left figure shows a propagator
in the preferred direction. The right figure shows a propagator in the non-preferred direction.
where |λ| := ∑i λi and ||λ||2 := ∑i λ2i . λi stands for the height of i-th column18. sλ/η(x) is
the skew Schur function defined as (B.3), and ρ := −i + 12 , (i = 1, 2, · · · ). Z˜ν(t, q) is defined
as
Z˜ν(t, q) :=
∏
(i,j)∈ν
(
1− qlν(i,j)taν(i,j)+1
)−1
, (A.4)
where lν(i, j) := νi − j is the leg length and aν(i, j) := νtj − i is the arm length of the Young
diagram ν.
For each propagator with a Young diagram ν in Figure 22, which connects two ver-
tices, we assign the Ka¨hler parameter Q = e−
∫
C J associated to the size of the two-cycle C
corresponding to the internal line and also the framing factor
(−Q)|ν|fν(t, q)n or (−Q)|ν|f˜ν(t, q)n (A.5)
fν(t, q) is the framing factor for the preferred direction
fν(t, q) := (−1)|ν|t
||νt||2
2 q−
||ν||2
2 (A.6)
18Our convention of writing a Young diagram is that the height of a column is equal to or higher than the
height of its right column.
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Qµ1 µ2
q
t
q
t
∅ ∅
Q
∅ ∅
q
t
q
t
∅ ∅
Figure 23. A diagram with parallel external legs. The right-hand side stands for a diagram whose
refined topological string partition function reproduce the decoupled factor of the theory from the
diagram in the left.
f˜ν(t, q) is the framing factor for the non-preferred direction
f˜ν(t, q) := (−1)|ν|q
||νt||2
2 t−
||ν||2
2
(q
t
) |ν|
2
. (A.7)
n is defined as n = det(v1, v2) where v1, v2 are vectors depicted in Figure 22.
The refined topological string partition function up to the constant map contributions
can be computed by combining the vertices, propagators and then sum up all the Young
diagrams.
In fact, the toric diagrams in the M-theory compactification are dual to webs of (p, q)
5-branes [58]. In the dual picture, the five-dimensional theory is effectively realised on the
worldvolume theory on the 5-branes compactified on segments.
The unrefined topological string partition function can be obtained is simply by setting
t = q. Therefore, the rule of the topological vertex is given by setting t = q in (A.3) and
(A.5), which is essentially the same rule obtained in [59, 60].
A.2 Decoupled factor
The refined topological string partition itself does not reproduce the Nekrasov partition func-
tion of the five-dimensional theory realised by the M-theory compactification on the toric
Calabi–Yau threefold X, but we need to eliminate some factors which come from BPS states
with no gauge charge [21, 22, 24, 25]. In the dual brane picture, those BPS states come
from strings between parallel external legs. We call such a factor as decoupled factor. The
decoupled factor can be obtained by the refined topological string partition function of a strip
diagram with parallel external legs.
Let us consider a simple example of Figure 23. Left figure in Figure 23 represents a
diagram with parallel external vertical legs. The refined topological string partition function
from the diagram contains the decoupled factor associated to the parallel external legs. The
contribution can be extracted by computing the refined topological string partition function
on the right figure in Figure 23, which is the toric diagram of a local Calabi–Yau threefold
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O(−2)⊕O fibered over P1. The factor can be explicitly written as
Zdec,|| =
∞∏
i,j=1
(
1−Qqitj−1)−1 . (A.8)
Eq. (A.8) may be seen as a part of the perturbative partition function of a vector
multiplet. Namely, it does not contain the full spin content of a vector multiplet. From
the perspective of 5d BPS states labeled by (jl, jr), which are quantum numbers under
SU(2)l × SU(2)r ⊂ SO(4), a vector multiplet may be written as
[
2(0, 0) +
(
1
2 , 0
)] ⊗ (0, 12).
Then the contribution (A.8) comes from components of the tensor product between a half–
hypermultiplet, i.e.
[
2(0, 0) +
(
1
2 , 0
)]
, and a lower component of
(
0, 12
)
. The non–full spin
content appears since the moduli space of the P1 inside O(−2) ⊕ O fibered over P1 is non–
compact. Therefore, as for removing the decoupled factor, we may also say that we remove
the contribution of components which do not fill the full spin content of the vector multiplet
or recover the invariance under the exchange between q and t [22, 24, 25].
After removing the decoupled factor, we can obtain the 5d Nekrasov partition function
of the theory realised by a web diagram,
ZNek =
Ztop
Zdec
, (A.9)
with appropriate parametrisation.
B Schur functions
In this appendix we will recall some facts about Schur functions that will be used in the main
text. Recall that Schur functions sµ(x) are certain symmetric polynomials in n variables xi
indexed by a Young diagram µ. Among the different ways of expressing these functions we
will choose to use the first Jacobi-Trudi formula to relate them to complete homogeneous
symmetric polynomials
sµ(x) = det [hµi+j−i] , 1 ≤ i, j ≤ n , (B.1)
where the complete homogeneous symmetric polynomials of degree k in n variables are defined
as
hk(x) =
∑
1≤i1≤i2≤···≤ik≤n
k∏
j=1
xij . (B.2)
It is also possible to define a generalisation of Schur functions (called skew Schur functions)
in terms of two partitions λ and µ such that λ interlaces µ as
sµ/λ(x) = det [hµi−λj+j−i] , 1 ≤ i, j ≤ n . (B.3)
Since Schur functions form an orthonormal basis of symmetric polynomials it is possible to
express skew Schur functions in terms of Schur functions using the Littlewood-Richardson
coefficients cλµν
sµ/λ(x) =
∑
ν
cλµν sν(x) . (B.4)
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In the computations of topological string partition functions it is often necessary to use the
following identities of Schur functions
∑
µ
sµ(x)sµ(y) =
∞∏
i,j=1
(1− xiyj)−1 , (B.5)
∑
µ
sµt(x)sµ(y) =
∞∏
i,j=1
(1 + xiyj) . (B.6)
Moreover in the main text we will also use two additional identities: the first one is the
following one19 ∑
ν
(−1)|ν|sµ/ν(x)sνt/λt(x) = (−1)|µ|δµλ , (B.7)
and the second one which readily follows from (B.7) is the following one∑
η,κ
(−1)|η|+|κ|sλ/η(x)sηt/κ(x)sκt/ξ(x) = sλ/ξ(x) . (B.8)
C Sp(N) Nekrasov partition functions
In section 3, we computed the partition functions of rank 2 E6, E7, E8 theories by directly
applying the new rules of the topological vertex to the web diagrams. The mass deformation of
the rank 2 E6, E7, E8 theories triggers an RG flow to the Sp(2) gauge theories with Nf = 5, 6, 7
fundamental and NA = 1 anti-symmetric hypermultiplets respectively. In this appendix, we
recall the results of the Nekrasov partition functions of the Sp(N) gauge theories with Nf
flavours and an anti-symmetric hypermultiplet.
C.1 Sp(N) instanton partition functions
The 5d Sp(N) gauge theories with Nf flavours and one anti-symmetric hypermultiplet are
realised on the worldvolume theory on N D4-branes with Nf D8-branes and one O8-plane.
The Witten index of the ADHM quantum mechanics on k D0-branes in the system gives the
k instanton partition function up to a factor which is a contribution of D0-branes moving on
the worldvolume of the D8-branes and the O8-plane [12]. The index of the ADHM quantum
mechanics is given by the Witten index with some fugacities associated to symmetries of the
theory
ZkQM (1, 2, αi, z) = Tr
[
(−1)F e−β{Q,Q†}e−1(J1+J2)e−2(J2+JR)e−αiΠie−maF ′a
]
. (C.1)
Q,Q† are supercharges that commute with the fugacities. F is the Fermion number oper-
ator, J1, J2 are the Cartan generators of the spacetime rotation SO(4), JR is the Cartan
generator of the SU(2) R-symmetry, Πi are the Cartan generators of the gauge group, and
19See for instance [61] for a proof of this identity.
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F ′a are the Cartan generators of the flavour symmetry. 1, 2, αi,ma are chemical poten-
tials associated to the symmetries. In particular, αi are the Coulomb branch moduli, ma
are the mass parameters. In comparison with the refined topological string partition func-
tion, we choose q = e−2 , t = e1 . The instanton partition function is then basically given by
ZQM =
∑
k Z
k
QMu
k up to the factor from the D0-D8-O8 bound states. Here u is the instanton
fugacity of the gauge group.
We will simply quote the final result of (C.1) for the Sp(N) gauge theories with Nf
flavours and one anti-symmetric hypermultiplet. The dual gauge group on the k D0-branes
for the Sp(N) gauge theory is O(k), which have two components. Hence, we have two
contributions Zk± from O(k)± at each instanton order, and the end result from k-instanton is
written by [10, 12]
ZkQM =
Zk+ + Z
k−
2
. (C.2)
Zk± consists of the contribution from the vector multiplet Z±vec, the fundamental hypermultiplet
Z±fund and the anti-symmetric hypermultiplet Z
±
anti
Zk± =
1
|W |
∮ ∏
I
dφI
2pii
Z±vec Z
±
fund Z
±
anti. (C.3)
The integration region is a unit circle. I runs from 1 to n for O(k)+ with k = 2n, 2n+ 1. As
for O(k)−, I runs from 1 to n for k = 2n+ 1, and 1 to n− 1 for k = 2n. |W | is the order of
the Weyl group of O(k)±,
|W |χ=0+ =
1
2n−1n!
, |W |χ=1+ =
1
2n−1(n− 1)! , |W |
χ=1
− =
1
2n−1n!
, |W |χ=0− =
1
2nn!
, (C.4)
where χ is defined as k = 2n+ χ, (χ = 0, 1). The integrands from the O(k)+ component is
Z+vec =
n∏
I<J
2 sinh
±φI ± φJ
2
( ∏n
I 2 sinh
±φI
2
2 sinh ±−++2
∏N
i=1 2 sinh
±αi++
2
n∏
I=1
2 sinh ±φI+2+2
2 sinh ±φI±−++2
)χ
n∏
I=1
2 sinh +
2 sinh ±−++2 2 sinh
±2φI±−++
2
∏N
i=1 2 sinh
±φI±αi++
2
n∏
I<J
2 sinh
±φI±φj+2+
2
2 sinh ±φI±φJ±−++2
(C.5)
Z+anti =
(∏N
i=1 2 sinh
m±αi
2
2 sinh m±+2
n∏
I=1
2 sinh ±φI±m−−2
2 sinh ±φI±m−−2
)χ n∏
I=1
2 sinh ±m−−2
∏N
i=1 2 sinh
±φI±αi−m
2
2 sinh ±m−+2 2 sinh
±2φI±m−+
2
n∏
I<J
2 sinh ±φI±φJ±m−−2
2 sinh ±φI±φJ±m−+2
(C.6)
Z+fund =
Nf∏
a=1
{(
2 sinh
ma
2
)χ n∏
I=1
2 sinh
±φI +ma
2
}
. (C.7)
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Here we defined 2 sinh(a ± b) = 2 sinh(a) 2 sinh(b). We also defined + = 1+22 , − = 1−22 .
On the other hand, the integrands from the O(k)− component depend on whether k is even
or odd. When k = 2n+ 1, we have
Z−vec =
n∏
I<J
2 sinh
±φI ± φJ
2
( ∏n
I 2 cosh
±φI
2
2 sinh ±−++2
∏N
i=1 2 cosh
±αi++
2
n∏
I=1
2 cosh ±φI+2+2
2 cosh ±φI±−++2
)
n∏
I=1
2 sinh +
2 sinh ±−++2 2 sinh
±2φI±−++
2
∏N
i=1 2 sinh
±φI±αi++
2
n∏
I<J
2 sinh
±φI±φj+2+
2
2 sinh ±φI±φJ±−++2
(C.8)
Z−anti =
∏N
i=1 2 cosh
m±αi
2
2 sinh m±+2
n∏
I=1
2 cosh ±φI±m−−2
2 cosh ±φI±m−−2
2 sinh ±m−−2
∏N
i=1 2 sinh
±φI±αi−m
2
2 sinh ±m−+2 2 sinh
±2φI±m−+
2
n∏
I<J
2 sinh ±φI±φJ±m−−2
2 sinh ±φI±φJ±m−+2
(C.9)
Z−fund =
Nf∏
a=1
(
2 cosh
ma
2
n∏
I=1
2 sinh
±φI +ma
2
)
. (C.10)
When k = 2n, we have
Z−vec =
n∏
I<J
2 sinh
±φI ± φJ
2
n−1∏
I
2 sinh(±φI)
2 cosh(+)
2 sinh ±−++2 2 sinh(±− + +)
∏N
i=1 2 sinh(±αi + +)
n−1∏
I=1
2 sinh(±φI + 2+)
2 sinh(±φI ± − + +)
n−1∏
I=1
2 sinh +
2 sinh ±−++2 2 sinh
±2φI±−++
2
∏N
i=1 2 sinh
±φI±αi++
2
n−1∏
I<J
2 sinh
±φI±φj+2+
2
2 sinh ±φI±φJ±−++2
(C.11)
Z−anti =
2 cosh ±m−−2
∏N
i=1 2 sinh(m± αi)
2 sinh m±+2 2 sinh(m± +)
n−1∏
I=1
2 sinh(±φI ±m− −)
2 sinh(±φI ±m− −)
2 sinh ±m−−2
∏N
i=1 2 sinh
±φI±αi−m
2
2 sinh ±m−+2 2 sinh
±2φI±m−+
2
n−1∏
I<J
2 sinh ±φI±φJ±m−−2
2 sinh ±φI±φJ±m−+2
(C.12)
Z−fund =
Nf∏
a=1
(
2 sinhma
n−1∏
I=1
2 sinh
±φI +ma
2
)
. (C.13)
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Note that we included the Haar measure into the integrands.
The summation ZQM is not exactly the instanton partition function of the Sp(N) gauge
theories but we need to factor out the contribution from the D0-D8-O8 bound states. The
contribution is written by the Plethystic exponential
ZD0-D8-O8 = PE[fNf (x, y, v, wi, u)] = exp
[ ∞∑
n=1
fNf (x
n, yn, vn, wni , u
n)
n
]
, (C.14)
where fNf is [12]
f0 = − t
2
(1− tu) (1− tu) (1− tv) (1− tv)q, (C.15)
fNf = −
t2
(1− tu) (1− tu) (1− tv) (1− tv)qχ(yi)SO(2Nf )2Nf−1 for 1 ≤ Nf ≤ 5, (C.16)
f7 = − t
2
(1− tu) (1− tu) (1− tv) (1− tv)
(
qχ(yi)
SO(12)
32 + q
2
)
, (C.17)
f8 = − t
2
(1− tu) (1− tu) (1− tv) (1− tv)
(
qχ(yi)
SO(14)
64 + q
2χ(yi)
SO(14)
14
)
, (C.18)
We defined x = e−+ , y = e−− , v = e−m, wi = e
ma
2 for a = 1, · · · , Nf . χ(wi)SO(2Nf )
2
Nf−1 is the
character of the positive chirality spinor representation of SO(2Nf ). The explicit expression
is
χ(wi)
SO(2Nf )
2
Nf−1 =
1
2
Nf∏
a=1
2 sinh
ma
2
+
1
2
Nf∏
a=1
2 cosh
ma
2
. (C.19)
The instanton partition functions of the Sp(N) gauge theories are then given by
Z
Sp(N)
inst =
ZQM
ZD0-D8-O8
. (C.20)
Let us explicitly write down the 1-instanton part of (C.20). At the 1-instanton order, we
do not have the contour integral in (C.3) and it is straightforward to obtain
Z
Sp(N)
1-inst =
1
2
{ ∏Nf
a=1 2 sinh
ma
2
2 sinh +±−2
∏N
i=1 2 sinh
±αi++
2
∏N
i=1 2 sinh
m±αi
2 −
∏N
i=1 2 sinh
±αi++
2
2 sinh m±+2
+
∏Nf
a=1 2 cosh
ma
2
2 sinh +±−2
∏N
i=1 2 cosh
±αi++
2
∏N
i=1 2 cosh
m±αi
2 −
∏N
i=1 2 cosh
±αi++
2
2 sinh m±+2
}
.
(C.21)
When, N = 1, then (C.21) reduces to
Z
Sp(1)
1-inst =
1
2
{ ∏Nf
a=1 2 sinh
ma
2
2 sinh +±−2 2 sinh
±α++
2
+
∏Nf
a=1 2 cosh
ma
2
2 sinh +±−2 2 cosh
±α++
2
}
. (C.22)
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In the special cases with m = 0, + = 0, the 1-instanton part of the Sp(N) gauge theory,
(C.21), can be written by the N copies of the 1-instanton part of the Sp(1) gauge theory,
(C.22),
Z
Sp(N)
1-inst |m=+=0 =
1
2
N∑
i=1
{ ∏Nf
a=1 2 sinh
ma
2
2 sinh ±−2 2 sinh
±αi
2
+
∏Nf
a=1 2 cosh
ma
2
2 sinh ±−2 2 cosh
±αi
2
}
. (C.23)
One can show (C.23) for arbitrary N by induction.
From the 2-instanton order, we need to carefully evaluate the contour integral in (C.3)
[12]. In this case it is necessary to evaluate the contour integrals only for the O(2)+ compo-
nent. In particular we find that the integrand has simple poles at the zeroes of the hyperbolic
sines in the denominator with the general form
1
sinh Qφ+...2
, (C.24)
where Q is an integer. The prescription of [12] to compute Z2+ is to take the sum of the
residues of the integrand at the poles with Q > 0. Equivalently we can take the contour
of integration to be the unit circle in the variable z = eφ and replace t = e−+ in Z+vec and
T = e−+ in Z+anti and taking t 1 and T  1. These two procedures are equivalent because
if t is taken sufficiently small and T sufficiently large only the poles with Q > 0 will lay
inside the unit circle in z. We find that for an Sp(N) gauge theory with one anti-symmetric
hypermultiplet and Nf fundamental flavours there are 8 + 2N poles, 4 coming from Z
+
anti and
4 + 2N coming from Z+vec. In particular the poles are located at
φ1 = −1
2
(+ + −) , φ2 = −1
2
(+ + −) + ipi ,
φ3 = −1
2
(+ − −) , φ4 = −1
2
(+ − −) + ipi ,
φ5 =
1
2
(+ −m) , φ6 = 1
2
(+ −m) + ipi ,
φ7 =
1
2
(+ +m) , φ8 =
1
2
(+ +m) + ipi ,
φ8+i = −+ − αi , φ8+N+i = −+ + αi , i = 1, . . . , N .
(C.25)
By evaluating the residues at the poles. we obtain the Sp(N) partition function from the
O(2)+ component. The Sp(N) partition function from the O(2)− component is obtained
straightforwardly since it does not involve the contour integrals.
C.2 Perturbative partition functions
We summarise the results of the perturbative contribution to the partition function.
The perturbative contribution from a vector multiplet of a gauge group G is [10]
∞∏
i,j=1
∏
r
(
2 sinh
(i− 1)1 + (j − 1)2 + r · α
2
) 1
2
(
2 sinh
i1 + j2 + r · α
2
) 1
2
, (C.26)
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where r represents all the root vectors of the Lie algebra of g. α is a vector of the Coulomb
branch moduli. On the other hand, the perturbative contribution from a hypermultiplet in a
representation R and a mass m is [10]
∞∏
i,j=1
∏
w∈R
(
2 sinh
(
i− 12
)
1 +
(
j − 12
)
2 + w · α−m
2
)−1
, (C.27)
where w is all the weight vectors of the representation R. To obtain (C.26) and (C.27) on the
field theory side, constant divergent factors are factored out. Therefore, we will ignore any
constant prefactor in the perturbative partition functions.
Then, we move on to the unrefined case of 1 = −2 =  and obtain the expression of
the perturbative partition function which is appropriate for the comparison with the pertur-
bative contribution in the topological string partition function. We also focus on the Sp(N)
gauge theory with five fundamental hypermultiplets with mass ma, a = 1, · · ·Nf and an anti-
symmetric hypermultiplet with mass m. The vector multiplet contribution can be written
as
Zvecpert =
∞∏
i,j=1
[ (
1− qi+j−1)−N
∏
1≤k<l≤N
(
1− eαk+αlqi+j−1)−1 (1− e−αk+αlqi+j−1)−1 (1− eαk−αlqi+j−1)−1 (1− e−αk−αlqi+j−1)−1
∏
1≤k≤N
(
1− e2αkqi+j−1)−1 (1− e−2αkqi+j−1)−1 ] (C.28)
where the explicit expressions of the root vectors r = ±ek ± el,±2ek with 1 ≤ k < l ≤ N are
used. The first line of (C.28) is the contribution from the Cartan part of the Sp(N) vector
multiplet. To obtain the expression (C.28), we used analytic continuation
∞∏
i,j=1
(
1−Qti−1q−j+1) 12 = exp( ∞∑
k=1
Qk
2k
1
(1− tk)
qk
(1− qk)
)
=
∞∏
i,j=1
(
1−Qti−1qj)− 12 ,
∞∏
i,j=1
(
1−Qtiq−j) 12 = exp( ∞∑
k=1
Qk
2k
tk
(1− tk)
1
(1− qk)
)
=
∞∏
i,j=1
(
1−Qtiqj−1)− 12 ,
and then setting t = q. Similarly, the perturbative contribution from the fundamental hyper-
multiplets is
Zfundpert =
∞∏
i,j=1
Nf∏
a=1
N∏
k=1
(
e−ma
) (
1− eαk−maqi+j−1) (1− e−αk−maqi+j−1) . (C.29)
We used the fact that the weights of the fundamental representation are ±ek, (k = 1, · · · , N),
and also analytic continuation
∞∏
i,j=1
(
1−Qti− 12 q−j+ 12
)−1
= exp
(
−
∞∑
k=1
Qk
k
t
k
2
(1− tk)
q
k
2
(1− qk)
)
=
∞∏
i,j=1
(
1−Qti− 12 qj− 12
)
,
(C.30)
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and then setting t = q. Note that we have an overall divergent factor in (C.29). In the
comparison with the perturbative contribution from the topological string partition function,
we ignore the factor. The perturbative contribution from the anti-symmetric hypermultiplet
is
Zanti-sympert =
∞∏
i,j=1
∏
1≤k<l≤N
(
−e− 52m
) (
1− eαk+αl−mqi+j−1) (1− e−αk+αl−mqi+j−1)
(
1− eαk−αl−mqi+j−1) (1− e−αk−αl−mqi+j−1)(
1− e−mqi+j−1) , (C.31)
where we used the fact that the weights of the anti-symmetric representation are±ek±el, (1 ≤
k < l ≤ N) and 0, and also the analytic continuation (C.30) again. Hence, the perturbative
partition function of the Sp(N) gauge theory with Nf fundamental hypermultiplets and one
anti-symmetric hypermultiplet is simply given by the product of (C.28), (C.29) and (C.31).
When we further concentrate on the case where mass of the anti-symmetric hypermulti-
plet is zero, i.e. m = 0, there is a cancellation between the contribution of the anti-symmetric
hypermultiplet and that of a part of the vector multiplet. In fact, the perturbative partition
function of the anti-symmetric hypermultiplet disappears up to the divergent factor. More
explicitly, the perturbative partition function becomes
Zpert =
∞∏
i,j=1
(1− qi+j−1)−N+1 Nf∏
k=1
∏Nf
a=1
(
1− eαk−maqi+j−1) (1− e−αk−maqi+j−1)
(1− e2αkqi+j−1) (1− e−2αkqi+j−1)
 ,
(C.32)
up to the divergent factors. We compare (C.32) with the perturbative part of the partition
function obtained from the topological vertex computation for rank N E6, E7, E8 theories.
There is another subtle point when one tries to compare (C.32) with the topological
string result. By using the identity
∞∏
i,j=1
(
1−Qqi+j−1) = ∞∏
n=1
(1−Qqn)n , (C.33)
one can obtain
∞∏
n=1
(1−Qqn)n =
∞∏
n=1
(−Q)n qn2 (1−Q−1q−n)n
=
N∏
n=1
(−Q)n qn2 (1−Q−1qn)n
=
N∏
n=1
(−Q)n (1−Q−1qn)n . (C.34)
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From the first line to the second line of (C.34), we used analytic continuation
∞∏
n=1
(
1−Q−1q−n)n = exp(− ∞∑
k=1
Qk
k
qk
(1− qk)2
)
=
∞∏
n=1
(
1−Q−1qn)n . (C.35)
From the second line to the third line of (C.34) we used the zeta function regularisation
ζ(−2) = 0. Therefore, as for the perturbative factor, the factor with Q is basically the
same as the factor with Q−1 up to the regularisation and also the divergent factor. In the
comparison between (C.32) and the perturbative contribution from the topological string
partition function, we will neglect the subtlety regarding the regularisation, the divergent
factor and also the analytic continuation.
References
[1] Y. Tachikawa, A review of the TN theory and its cousins, 1504.01481.
[2] D. Gaiotto, N=2 dualities, JHEP 1208 (2012) 034, [0904.2715].
[3] F. Benini, S. Benvenuti, and Y. Tachikawa, Webs of five-branes and N=2 superconformal field
theories, JHEP 0909 (2009) 052, [0906.0359].
[4] O. DeWolfe, A. Hanany, A. Iqbal, and E. Katz, Five-branes, seven-branes and five-dimensional
E(n) field theories, JHEP 9903 (1999) 006, [hep-th/9902179].
[5] Y. Yamada and S.-K. Yang, Affine seven-brane backgrounds and five-dimensional E(N) theories
on S**1, Nucl.Phys. B566 (2000) 642–660, [hep-th/9907134].
[6] N. Seiberg, Five-dimensional SUSY field theories, nontrivial fixed points and string dynamics,
Phys.Lett. B388 (1996) 753–760, [hep-th/9608111].
[7] D. R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric field
theories, Nucl.Phys. B483 (1997) 229–247, [hep-th/9609070].
[8] M. R. Douglas, S. H. Katz, and C. Vafa, Small instantons, Del Pezzo surfaces and type I-prime
theory, Nucl.Phys. B497 (1997) 155–172, [hep-th/9609071].
[9] K. A. Intriligator, D. R. Morrison, and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl.Phys. B497 (1997) 56–100,
[hep-th/9702198].
[10] H.-C. Kim, S.-S. Kim, and K. Lee, 5-dim Superconformal Index with Enhanced En Global
Symmetry, JHEP 1210 (2012) 142, [1206.6781].
[11] A. Iqbal and C. Vafa, BPS Degeneracies and Superconformal Index in Diverse Dimensions,
Phys.Rev. D90 (2014), no. 10 105031, [1210.3605].
[12] C. Hwang, J. Kim, S. Kim, and J. Park, General instanton counting and 5d SCFT, 1406.6793.
[13] M. Aganagic, N. Haouzi, and S. Shakirov, An-Triality, 1403.3657.
[14] O. Bergman and G. Zafrir, Lifting 4d dualities to 5d, JHEP 1504 (2015) 141, [1410.2806].
[15] H. Hayashi, Y. Tachikawa, and K. Yonekura, Mass-deformed TN as a linear quiver, JHEP 1502
(2015) 089, [1410.6868].
– 56 –
[16] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv.Theor.Math.Phys. 7
(2004) 831–864, [hep-th/0206161].
[17] N. Nekrasov and A. Okounkov, Seiberg-Witten theory and random partitions, hep-th/0306238.
[18] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun.Math.Phys. 313 (2012) 71–129, [0712.2824].
[19] H. Awata and H. Kanno, Instanton counting, Macdonald functions and the moduli space of
D-branes, JHEP 0505 (2005) 039, [hep-th/0502061].
[20] A. Iqbal, C. Kozcaz, and C. Vafa, The Refined topological vertex, JHEP 0910 (2009) 069,
[hep-th/0701156].
[21] H. Hayashi, H.-C. Kim, and T. Nishinaka, Topological strings and 5d TN partition functions,
JHEP 1406 (2014) 014, [1310.3854].
[22] L. Bao, V. Mitev, E. Pomoni, M. Taki, and F. Yagi, Non-Lagrangian Theories from Brane
Junctions, JHEP 1401 (2014) 175, [1310.3841].
[23] V. Mitev, E. Pomoni, M. Taki, and F. Yagi, Fiber-Base Duality and Global Symmetry
Enhancement, JHEP 1504 (2015) 052, [1411.2450].
[24] O. Bergman, D. Rodr´ıguez-Go´mez, and G. Zafrir, Discrete θ and the 5d superconformal index,
JHEP 1401 (2014) 079, [1310.2150].
[25] O. Bergman, D. Rodr´ıguez-Go´mez, and G. Zafrir, 5-Brane Webs, Symmetry Enhancement, and
Duality in 5d Supersymmetric Gauge Theory, JHEP 1403 (2014) 112, [1311.4199].
[26] M. Taki, Notes on Enhancement of Flavor Symmetry and 5d Superconformal Index, 1310.7509.
[27] G. Zafrir, Duality and enhancement of symmetry in 5d gauge theories, JHEP 1412 (2014) 116,
[1408.4040].
[28] H. Hayashi and G. Zoccarato, Exact partition functions of Higgsed 5d TN theories, JHEP 1501
(2015) 093, [1409.0571].
[29] Y. Tachikawa, Instanton operators and symmetry enhancement in 5d supersymmetric gauge
theories, PTEP 2015 (2015), no. 4 043B06, [1501.01031].
[30] G. Zafrir, Instanton operators and symmetry enhancement in 5d supersymmetric USp, SO and
exceptional gauge theories, 1503.08136.
[31] D.-E. Diaconescu, B. Florea, and N. Saulina, A Vertex formalism for local ruled surfaces,
Commun.Math.Phys. 265 (2006) 201–226, [hep-th/0505192].
[32] D.-E. Diaconescu and B. Florea, The Ruled vertex and nontoric del Pezzo surfaces, JHEP 0612
(2006) 028, [hep-th/0507240].
[33] T. Dimofte, S. Gukov, and L. Hollands, Vortex Counting and Lagrangian 3-manifolds,
Lett.Math.Phys. 98 (2011) 225–287, [1006.0977].
[34] M. Taki, Surface Operator, Bubbling Calabi-Yau and AGT Relation, JHEP 1107 (2011) 047,
[1007.2524].
[35] M. Aganagic and S. Shakirov, Knot Homology and Refined Chern-Simons Index,
Commun.Math.Phys. 333 (2015), no. 1 187–228, [1105.5117].
– 57 –
[36] D. Gaiotto and S. S. Razamat, Exceptional Indices, JHEP 1205 (2012) 145, [1203.5517].
[37] D. Gaiotto, L. Rastelli, and S. S. Razamat, Bootstrapping the superconformal index with surface
defects, JHEP 1301 (2013) 022, [1207.3577].
[38] M. Aganagic and S. Shakirov, Refined Chern-Simons Theory and Topological String, 1210.2733.
[39] O. Aharony and A. Hanany, Branes, superpotentials and superconformal fixed points, Nucl.Phys.
B504 (1997) 239–271, [hep-th/9704170].
[40] O. Aharony, A. Hanany, and B. Kol, Webs of (p,q) five-branes, five-dimensional field theories
and grid diagrams, JHEP 9801 (1998) 002, [hep-th/9710116].
[41] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and three-dimensional gauge
dynamics, Nucl.Phys. B492 (1997) 152–190, [hep-th/9611230].
[42] C. Kozcaz, S. Pasquetti, and N. Wyllard, A & B model approaches to surface operators and
Toda theories, JHEP 1008 (2010) 042, [1004.2025].
[43] M. R. Douglas, D. A. Lowe, and J. H. Schwarz, Probing F theory with multiple branes,
Phys.Lett. B394 (1997) 297–301, [hep-th/9612062].
[44] S.-S. Kim and F. Yagi, 5d En Seiberg-Witten curve via toric-like diagram, 1411.7903.
[45] D. Gaiotto and H.-C. Kim, Surface defects and instanton partition functions, 1412.2781.
[46] B. Haghighat, A. Iqbal, C. Kozcaz, G. Lockhart, and C. Vafa, M-Strings, Commun.Math.Phys.
334 (2015), no. 2 779–842, [1305.6322].
[47] B. Haghighat, C. Kozcaz, G. Lockhart, and C. Vafa, Orbifolds of M-strings, Phys.Rev. D89
(2014), no. 4 046003, [1310.1185].
[48] B. Haghighat, G. Lockhart, and C. Vafa, Fusing E-strings to heterotic strings: E+EH,
Phys.Rev. D90 (2014), no. 12 126012, [1406.0850].
[49] K. Hosomichi and S. Lee, Self-dual Strings and 2D SYM, JHEP 1501 (2015) 076, [1406.1802].
[50] J. Kim, S. Kim, K. Lee, J. Park, and C. Vafa, Elliptic Genus of E-strings, 1411.2324.
[51] B. Haghighat, A. Klemm, G. Lockhart, and C. Vafa, Strings of Minimal 6d SCFTs, 1412.3152.
[52] S.-S. Kim, M. Taki, and F. Yagi, Tao Probing the End of the World, 1504.03672.
[53] A. Gadde, B. Haghighat, J. Kim, S. Kim, G. Lockhart, et. al., 6d String Chains, 1504.04614.
[54] B. Haghighat, From strings in 6d to strings in 5d, 1502.06645.
[55] S. Hohenegger, A. Iqbal, and S.-J. Rey, M & m Strings and Modular Forms, 1503.06983.
[56] R. Gopakumar and C. Vafa, M theory and topological strings. 1., hep-th/9809187.
[57] R. Gopakumar and C. Vafa, M theory and topological strings. 2., hep-th/9812127.
[58] N. C. Leung and C. Vafa, Branes and toric geometry, Adv.Theor.Math.Phys. 2 (1998) 91–118,
[hep-th/9711013].
[59] A. Iqbal, All genus topological string amplitudes and five-brane webs as Feynman diagrams,
hep-th/0207114.
[60] M. Aganagic, A. Klemm, M. Marino, and C. Vafa, The Topological vertex, Commun.Math.Phys.
254 (2005) 425–478, [hep-th/0305132].
– 58 –
[61] J. Zhou, A Conjecture on Hodge Integrals, math.AG/0310282.
– 59 –
